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BBEOEHNE

[Ipu BEIMONHEHUH JHOOBIX NEHCTBUI W IIPHU MPHUHATHH PEIICHUA B pa3-
JMYHBIX 00NaCTAX AEATEIHPHOCTH OCHOBOIOJATAIOLINM JKEIAHUEM SIBIISCTCS
MOJTyYeHHUE HAWTYUIIETO B ONPENEICHHOM CMbICTIE Pe3yIbTaTa.

CMBICIT EHCTBUH M TIPUHSATHE PEIICHUI OINpPEeesslIoTCsl 3auHTEpeco-
BaHHOCTBIO B 3THX JICUCTBUSAX M PEIICHHUSX B COOTBETCTBUH C MMEIOIINMHUCS
BO3MOXKHOCTSIMH.

3auHTEePECOBAaHHOCTh MOXKET BBIPAKATHCS B TOJIyYEHUH MaKCHMaJIbHOM
pUOBLIH, MUHUMAJIBHOW ce0ECTOMMOCTH NPH 3aJlaHHOW MPOM3BOIUTEIBHO-
CTH, MaKCUMaJIbHOW NTPOM3BOANUTEIHLHOCTH NP 3aJIaHHBIX 3aTpaTax U T.II.

OnHOM M3 BaKHBIX 3aJad sBIIETCA 3a/a4a MepeBOaa OOBEKTa UM CHC-
TEMBI U3 OJJHOTO COCTOSIHUS B IPYTO€ 32 MHHIMAJIbHOE BPEMSI.

B yueOHOM mocoOuu MOKHO BBIIETHTH TPH pasnena. B mepBom paznene
n3JIaraeTcs MOHSATHE 3KOHOMHYECKOHW CHCTEMBI, OTMEYAIOTCSl €€ OCHOBHBIC
CBOHCTBa, BO3MOXKHBIC COCTOSIHUS, BHbl KPUTEPHUEB ONTUMAIBHOCTH, JAI0T-
CA MOHATHUA ONTHUMHU3AIUM W ONTHUMAJIbHOTO YIPAaBJICHUA 3KOHOMHUYCCKHUMU
cucteMamu. Bo BTopoMm pasnene copMyiaupoBaHa 3ajjadya ONTHMAIBHOTO
yIipaBJICHUA KaK 3aJada [[HHaMH‘IeCKOﬁ OIITUMHU3AallUHN B CTHIIC .HarpaHn(a,
ITonTpsruna, bennmana U pacCMOTPEHBI TPU METOAA €€ PELICHU: KIacCH4e-
CKO€ BapHUallMOHHOC HWCYUCJICHUC, NPUHOUII MaKCUMyMa, JUHAMHUYCCKOEC
NporpaMMHpOBaHUE B HeNpepbiBHOH (opme (ypaBHeHue bemnmana). B
TpeTbeM paziene chopMyTHpOBaHa 3ajada CTATUYECKOH ONTUMH3ALUH U
paccMOTpPEHbI METOZBI €€ PEHICHHS: aHATUTHYECKHH METOJ HCCIEIOBaHMSA
(GYHKIMH Ha SKCTPEMYM, YHCIICHHBIE METOIbI PELICHHUS] OMHOMEPHBIX X MHO-
TOMEPHBIX 3a/lad, TUHAMHYECKOE IIPOrPaMMHpPOBAHUE B JUCKPETHOH (opme
IUISL peIIeHus 3a1ad OOJbIION pa3MEpHOCTH M CHMIUIEKC-METOJ PEIICHHS
3aj1a4 JMHEHHOTO TIPOTPaMMHUPOBAHUS

ConepxaHue yueOHOTO OCOOUsS OMPENEIeHO CTaHAapTOM CIEIHaTbHO-
ctn 080116.65 (MaremaTHdeckue METOMAbI B 3KOHOMHMKE) IO TUCHIHILUIMHE
«Teopm[ OINITUMAJIBHOT'O YIIPABJICHUSA OKOHOMHWYCCKUMHU CUCTEMAMU)). HpI/I
pa3paboTke JaHHOTO Y4eOHOTO IOCOOHS aBTOP PYKOBOJCTBOBAJICS JKEJIaHU-
€M He Meperpyxkarb I0COOHe CTPOTMMH JI0Ka3aTeJbCTBAMHU, a M3JIOKHUTh B
HanOosee TOCTYIHOH (hopMe 06a30BbIe TEOPETHIECKHE OCHOBBI METO/OB OI-
TUMAJBHOTO YNPABJICHUS W ONTHMHU3AIMU M CHaOAWTH M3JIaracMble METOJIbI
IIpUMepaMu SKOHOMUYECKOTO COIEPKAHHSL.



Tema 1. OCHOBHBbIE NMOHATNA N ONPEAENEHUA

1.1. SkoHoMUYeckasa cuctema. CBocTBa 9KOHOMUYECKON
cucTeMsl

CymiecTByeT OOJBIIOE KOJMYECTBO ONpPEeSICHU SKOHOMUYECKON CHC-
Tembl. Oco00ro BHUMAaHUs 3aCiTy)KHMBaeT CIIeIYIOIIee ONpe/elICHUE: «IKOHO-
MHYECKas CHCTEMa» — 3TO CHCTEMa OOIIECTBEHHOTO NTPOM3BOACTBA, OOMEHa,
pactpeneneHusl U MOTPeOIeHUS MaTepHaIbHBIX Ojar, OCHOBHOH (pyHKIMEH
KOTOpOH SIBIISIETCS MAaKCHMaJIbHOE YIOBJIETBOPEHHE IOTpeOHOCTEH Haceie-
HHE B TOBapax M yciIyrax. JKOHOMUYECKHE CHCTEMbI OTHOCSTCS K TaK Ha3bl-
BacMbIM OOJBIINM CHCTEMaM, XapaKTepPH3YIOIIUMCA YHOPSIJOYEHHOH COBO-
KYITHOCTBIO OOJIBIIOTO YHWCIIa B3aWMOCBSI3aHHBIX W B3aWMOJEHCTBYIOIIUX
aneMeHToB. [IpuHIMNHMAaNEHOW OCOOEHHOCTBIO OOJBIIUX CHCTEM SIBISETCS
HaJIM4YME y HUX TaKOro CBOMCTBA, KOTOPHIM HE 00JagaeT HU OJUH JIEMEHT
JAHHOM CHCTEMBI B OTIEIHHOCTU. DTHU CHCTEMBI MPEACTABIISIOT TaKOW 00b-
€KT, CBOMCTBAa KOTOPOI'O HE CBOJATCA NMPOCTO K COBOKYITHOCTH CBOWCTB CO-
CTaBJIAIONINX €ro 3JeMEHTOB. IIpUHIMN MOSBIEHUS Yy LENOro (CHUCTEMBI)
CBOHCTB, HE BBIBOJWMBIX M3 HAOJIOJAaCMbIX CBOMCTB YacTeH (3JIEMEHTOB),
Ha3bIBACTCS IPUHINIIOM SMEPKECHTHOCTH.

DOKOHOMHYECKasi CHCTEMa B OTIMYHME OT CHUCTEM APYTHX THIIOB COIEP-
KHT B KaueCTBE BAKHEHINETO 3JIEMEHTA CO3HATENBHO JICHCTBYIOIIErO 4elo-
BEKa, KOTOPBIHA BHIMOIHSET (DYHKIMH yIpaBIeHUs. B cooTBeTCTBHU C 3TUM B
Ka4eCTBE 3KOHOMHYECKHX CHCTEM Ppa3IMYHON CTETEHH CIIOKHOCTH MOTYT
paccMaTpuBaThCsl paziMYHbIE MOJpa3eieHus Npeanpusatuil (hupm), camu
npeanpusitus (GUPMbI), HAYYHO-HUCCIIEIOBATEIbCKUE U MPOCKTHBIE OpPTraHH-
3a1uy, OOBEIUHEHUS, OTPAciy U, HAKOHEIl, BCe HapOJHOE XO3HCTBO CTPaHbI
B IIETIOM.

13 0CHOBHBIX CBONHCTB 3KOHOMHYECKUX CHUCTEM CIIEAyeT OTMETHTh!

1. DOMepmKeHTHOCTh Kak MpOsBIeHKE B Hanboiee spkoil popme cBO-
CTBA LEJIOCTHOM CUCTEMBI. DMEP/PKEHTHOCTh MOPOXKAAETCS BOSHUKHOBEHUEM
MEXXIY 3JIEMEHTAMH CUCTEMBbI CHHEPT€THUECKHX CBSI3€H, KOTOpBIe 00ecnedn-
BAaIOT YBEIMYCHUE 00IIero 3(ppeKTa 0 BEIUIMHBI OONBIICH, 4eM cyMma -
(DEeKTOB FJIEMEHTOB CHUCTEMBI, JEUCTBYIOIMX He3aBUcHMO. OTCIo/Ia CIIEayeT,
YTO YKOHOMHUYECKHE CHCTEMBI HEOOXOMMO HCCIIEIOBATh B IIETIOM.

2. MaccoBblif XapakTep MHOTHX 3KOHOMHYECKHX IPOILECCOB U sBJe-
HUIA, 4TO TpedyeT aHaJIM3UPOBaTh 3HAYNTEIbHOE KOJIMUECTBO HAOMIOCHUH 1
HCTIOJIB30BaTh PE3yAbTAaThl THX aHAIHU30B.

3. HeomnpeneaeHHOCTs B Pa3BUTHH SKOHOMHUYECKHX IIPOLIECCOB, IS
H3y4eHHUs] KOTOPOl HEOOXOJMMO HCIOJIb30BAaHHE TEOPUHM HEUYETKUX MHO-
KECTB.



4. JluHaAMHYECKHH XapaKTep pa3BUTHUS YKOHOMMUYECKHX CUCTEM, Mpe-
MOJIAralolMi ONTUMU3ALUIO TPAEKTOPUU HX Pa3BUTHS BO BPEMEHHU IOJ
BIIMSIHUEM BHYTPEHHHX U BHEIIHUX BO3JEHCTBUM.

5. CnyuallHOCTb B Pa3BUTHUU SKOHOMHUECKHX SBJICHUH M IPOLECCOB,
ncciae0BaHue KOTOPoi 3(h()EKTHBHO JIHIIB C MCIIOIb30BaHUEM TEOPHHU BEPO-
STHOCTU M MATEMaTHYECKOW CTATUCTHKH.

6. HeBO3MOXHOCTh HCCIEAOBAHUS MHOTHX 3KOHOMHYECKHX CHCTEM
aHATUTHYECKUMHU MeToAaMu. UpesBbIdaiiHas CIOKHOCTh TAKUX CHUCTEM JIHK-
TyeT HEOOXOANMOCTb MCIIOIB30BAHMSA JUIS 9TOH IENIN TaK Ha3bIBAEMBIX aJrO-
PUTMHUYECKHX MOAXOIOB.

7. MHoroueneBoi xapakrep (YHKIHOHHPOBAHUS, MPEIIIONIATaOIINit
IIOMCK IPU YIPABJIECHUU CIOXHBIMM 3KOHOMHUYECKUMU CHCTEMaMU OITHU-
MaJbHbIX KOMIIPOMHUCCHBIX PEILICHUMN.

8. Heo0XxommMoCTh CTPYKTYPH3AIMU CIIOXHBIX SKOHOMHYECKHX CHC-
TEM Ha IOJCHCTEMBI, NOCTYIHBIE Ul HEMOCPEACTBEHHOTO 3()(eKTHBHOTO
ynpaBieHusi, 94To TpeOyeT pa3paboTKu W MCIOIb30BAaHUS COOTBETCTBYIOIINX
METOJOB ONTHMAJIBHOM JEKOMIIO3UIUHM CHCTEM W COTJIACOBAHUS ONTHMAlIb-
HBIX PEIICHUH Uil OTJAENBHBIX MOACUCTEM C LENbI0 ONTUMH3ALNU TPACKTO-
UM Pa3sBUTHSA BCEHM CUCTEMBI B LIEJIOM.

1.2. OnTUMKU3aLUNSa SKOHOMUYECKUX cucTem. OnTumansHoe
ynpaBrneHne 3KOHOMUYECKUMU CUCTEMaMMU

OnTumMu3anus U ONTUMaIbHOE YIIPaBJICHUE SIBISETCS OCHOBHBIMU 3a7a-
yaMH KHOCPHETHKH — Haykd o0 ympaBieHun. B 3aBucuMocTH OT 00nacTu
MIPUMEHECHNSI KHOCPHETHKH B TOCICTHHE TOABI OSCCIIOPHBIMH CTAaHOBSTCS
TaKkyhe HalpaBJICHUS KHOCPHETHWKH, KaK TEXHHUYeCKas, XMMUYecKas, dKOHO-
MHYECKasl.

YmupaBieHHe pacCMaTpHBAeTCS KaK CICIUAIbHO OPTaHU30BaHHOE BO3-
JeicTBHE Ha OOBEKT YIPABJICHHUS C LENBIO MMOyYCHHS JKEIaeMOro pe3yibTa-
Ta. [Tog 00BEKTOM YIIpaBJICHUS MOAPA3yMeEBAETCsl 0OBEKT, B KOTOPOM MPOTE-
KaeT ynpaBlsieMblil mporiecc. Eciu crenaibHO OpraHU30BaHHOE BO3JCHCT-
BHE Ha OOBEKT YIPABJICHUS MPUBOANT K MOTYUCHHIO HAWTYYIIETO B OTpesie-
JIEGHHOM CMBICJIC Pe3yJIbTaTa, TO TaKOe BO3CHCTBHE HA3bIBAECTCS OMTHMAJIb-
HBIM YIIPaBJICHUEM.

[Ipomecc HaXOXIEHUS ONTUMAIBHOTO YIPABICHUS HA3BIBACTCS OITHU-
MH3aLHEN.

Jis peteHns 3a1a9i ONTUMAIIFHOTO YIPaBICHUS HEOOXOUMO UMETH B
TOH WU WHOU (hopMe MaTeMaTHIECKOE OIMHCAHUE ONITUMHU3UPYEMOTO 00BEK-
Ta ¥ METOJ OTPE/ICTICHAS ONTUMAIBHBIX YIIPABICHUH (PEIICHI).

Juis pemieHus 3aia4d ONTHMAJIBHOTO YIIPABICHHUS OOBEKTAMH HCITONb-
3yeTCsl METOJ] MATEMaTHIECKOTO MOJICIIMPOBAHMUS.



Takum oOpazom, paccMaTpuBas IKOHOMHUYECKYIO CHCTEMY KaK OOBEKT
yIpaBJIECHUH, PELICHHE 3aJaydl ONTHMAJIbHOIO YIPaBJICHHUS SKOHOMHYECKOMN
CUCTEMOM CBOJUTCS K:

1) pa3paboTke ee 5KOHOMHYECKO-MaTEMaTHIECKOH MOJIEIH;

2) MOJICITUPOBAHHIO PEKUMOB €€ (DYHKIIMOHUPOBAHUS C HCIIOIb30BaHH-
€M COOTBETCTBYIOIINX METOJOB ONTHMHU3ALNH IS ONPENEICHHUS ONTHMAallb-
HBIX YIPaBJICHUH (pEIIeHuN).

1.3. MogenupoBaHune onTuMarnbHbIX PEXMMOB
PYHKLMOHMPOBAHMSA SKOHOMNYECKON CUCTEMDI
npv npegnonaraeMom xapakTepe BHELIHMX
BO3OENCTBUI Ha CUCTEMY

MopenupoBaHue paccMaTpHBaeTCsl Kak MPOIecC BOCIIPOU3BEACHHUS I10-
Be/ICHHS 00BEKTa yIPaBICHUs HA €r0 MOJIEITH.

[Tox Monenbio moapa3yMeBaeTcsi TaKOW OOBEKT, KOTOPBI BOCIIPOM3BO-
JUT C TIPEeNeNIbHOM TOYHOCTBIO OCHOBHBIE CBOMCTBA OOBEKTa-OpHIMHANIA B
IIOCTABJICHHOM 3ajade. B panpHeliieM NOJX 3KOHOMUKO-MaTeMaTHYECKOM
MOJIENIbI0 Oy/IeM MOHMUMATh COBOKYITHOCTh B3aHMMOCBSI3aHHBIX MaTeMaTHYe-
CKHX 3aBHUCHMOCTEH, (OpMabHO OTpa)KalOMHX YCIOBUSA (DYHKIIMOHHPOBA-
HUSl peaNbHBIX SKOHOMHYECKHX OOBEKTOB. MaTeMaTniecKue 3aBUCHUMOCTH,
KaK IPaBUIIO, TIPEJICTABISAIOT COOOH ypaBHEHUS WM HEPaBEHCTBA. DKOHOMH-
KO-MaTeMaTh4ecKas MOJeNb MOJDKHA O0ECICYHUTh BO3MOXKHOCTh H3YUCHHS
(YHKIMOHAPOBAHUS W OLCHKH HM3MEHEHHS ero 3()(eKTHBHOCTH IMPH BO3-
MOXHBIX U3MEHEHUAX XapaKTEPUCTUK BHELIHEHN Cpeabl.

ITockonbky KONMUYECTBEHHBIE UCCIIEOBAaHUSA Ha MOJEIH IO3BOJIAIOT I1O-
Jy4uTh HauboJjee IMOJHOE TPeJCTaBIeHHe O TOM, KaKk OyAyT JelCTBOBAaTh B
Pa3IMYHBIX YCJIOBHUSX pealbHble SKOHOMHUYECKHE CHCTEMBl, SKOHOMHKO-
MaTeMaTHYECKHE MO MOTYT JaTh O00iblIon 3((eKT He TOIbKO s
CTPYKTYpH3allMHU [IeJied yIpaBieHus,, HO U AJIS CaMOTO aHann3a TTyOMHHBIX
IIPOIIECCOB Pa3BUTHS MOJICINPOBAHUS CHCTEM.

IIpu uccnenoBaHMM NPUHLUIIA 3KOHOMHUKO-MATEMaTUYECKOTO MOJEINHU-
POBaHHUS MOTYT OBITh 3HAYUTEIFHO YMEHBIICHB MaTEPHANBHBIC U TPYIOBBIC
3aTpaThl, IPUCYILUE SKCIIEPUMEHTAIbHBIM METOaM.

Oco0yr0 poib SKOHOMHKO-MaTeMaTHIECKOe MOJCIUPOBAHIE UTPAcT B
pemreHnH POOIEeMBI 3()()EKTUBHOTO HCIIOIB30BAHUS BBHIYUCIUTEIFHON TEX-
HUKH B Tpolecce (HYHKIMOHUPOBAHUSI SIKOHOMHUYECKHX CHCTEM U yIpaBJe-
Hus uMu. CleayeT OTMETHTh, YTO M3-3a CBOEW YPEe3BBIYAMHON CI0KHOCTH
9KOHOMHYECKHE MPOLeccH ciabo (opMaTn30BaHbl MaTeMaTHYECKH, a 3TO
CACpKMBaeT MX HCIIOIB30BAHME HA CPEJCTBAX BBIYMCIHMTEIBHOW TEXHHKH,
TpeOyroIuX, Kak W3BECTHO, cTporoi (opmanuzanuu. KayectBo peieHus
peabHBIX 33a[a4 OTPaHNYMUBAECTCS MMEHHO M3-32 HECOBEPIICHCTBA SKOHOMHU-
YECKUX MOJEeNEH.



ITo obmemy neneBOMy Ha3HAYEHHIO DKOHOMHKO-MAaTEeMaTHYECKHE MO-
JETH JeTSITCS Ha TEOPETHKO-aHAJMTUYECKHE, UCI0Ib3YeMble IPU M3YUYCHHU
o0IIMX CBOWCTB M 3aKOHOMEPHOCTEH SKOHOMHUYECKHX CHUCTEM, M Ha IpH-
KJIaJHble, IPUMEHsIEMbIC JUIsS PEIICHUS] KOHKPETHBIX SKOHOMHMYECKUX 3ajad
CHCTEMHOTO aHA/IN3a.

Ilo cTenenn arpernpoBaHus OOBEKTOB MOJEINPOBAHIUSI MOJEIH JEISATCS
Ha MaKpO’KOHOMHYECKHUE, OMHCHIBAIONINE (DyHKIMOHNPOBAHHE BCEH HKOHO-
MHYECKOI CHCTEMBI B IIEJIOM, U MHKPOIKOHOMHUYECKHE, HCCICIYIONINE CHC-
TEMbI YPOBHS (PUPMBI, IPEIIPHUATHS, OTACTBHOTO MOAPA3ICICHNS QUPMBI U
T.IL

Ilo xapakTtepy yuera (akropa BpeMEHH SKOHOMHKO-MaTeMaTHYECKHe
MOJIETIH TIOAPA3IeISIOTCS Ha CTaTHYECKUE, B KOTOPBIX BCE 3aBUCHMOCTH OT-
HOCSITCS. K €IMHOMY MOMEHTY BPEMEHH, W JAWHAMHUYECKHE, OIUCHIBAIOIINE
NpoLeCcC Pa3BUTHSI IKOHOMHYECKOH cucTeMbl Bo BpeMeHu. [1o yuery daxropa
CITy4alHOCTH TaKHue MOZEIH KJIaCCU(PHULIUPYIOTCS, KaK AeTePMHUHUPOBAHHEIC,
€CIIM B HUX PE3YJIbTAaThl HA BBIXOJE OJHO3HAYHO OMPENEIIAIOTCS BXOIHBIMU
BO3/ICHCTBUSIMHU, ¥ BEPOSITHOCTHBIE (CTOXaCTUYECKHE), €CIH TIPH 3alaHUN Ha
BXO/I€ MOJICTIH OTIPEJEICHHOW COBOKYITHOCTH 3HAYCHNH Ha €€ BBIXOJEC MOTYT
TIOTy4aThCsl Pa3IMUHBIC PE3YNbTAaThl, 3aBUCUMbIC OT JICHCTBHS CIydailHOTO
(axTopa (HerpeacKa3yeMbIX HEM3MEPAEMbIX BO3ICHCTBHIA).

ITo menm co3maHus W MPUMEHEHHS BBIICISIIOT OalaHCOBBIE, ONTHMH3a-
LMOHHbIE M aJrOPUTMHYECKHE MOJeiH. bajgaHCOBbIE MOJENH BBIPAXKAIOT
TpeOOBaHUSI COOTBETCTBHS HAIUUYMS (PAKTOPOB MPOM3BOJCTBA U MX HCIOJb-
30BaHus. ONTHUMU3AIMOHHBIE MOJIENM IpeIHa3Ha4YeHbl Ui BBHIOOpa OINTH-
MaJIbHOTO, T.€. HaWIy4IIero Mo KOHKPETHOMY KPHUTEPHUIO, PEUIeHHs. AJro-
PUTMHYECKHE MOJIENU TpeJHa3HAueHbl JUIs MCIIOJIb30BaHUS B PEKUME Ma-
LIMHHOM UMHTALIUY UCCIIETyEeMbIX DKOHOMHYECKUX MOJECIICH.

DOKOHOMHUKO-MaTeMaTHIeCKue MoJenH 3(pEeKTHBHBI UMb TOTA, KOTaa
OHH OTPaKaIOT BaKHEHIIINE YePTHl M3y4aeMOro MpoIecca, OTBIEKAsCh OT TeX
WJIN UHBIX CTOPOH PEaIbHOTO SIBJICHHS, HIMEIOIINX BTOPOCTENIEHHOE 3HAUEHHE
JUISL peLlIeHUs] JTaHHOW KOHKPETHOW 3a/1a4u.

Takum 00pa3oM, IPU MOCTPOECHUH JIFOOOH KOHOMHKO-MaTeMaTHYeCKON
MOJIENH €€ Pa3paboTUMKy HEOOXOJAUMO CTPEMUTHCS K TOMY, YTOOBI BBIJIEIUTH
1 BOCIIPOM3BECTH TOJILKO T€ CBOIMCTBA M XapaKTEPUCTUKH PEalIbHbIX 00BEKTOB,
KOTOpbIE HEOOXOAUMBI M JOCTATOYHBI JUIsl PELICHHsI TOCTABJICHHON 3a/1a4u.

ITpu dopmanuzarmu m000H IKOHOMHKO-MAaTEMaTHYECKONH MOAETH He-
00XOJIMMO COOTBETCTBHE MEXY LIEJICBOI YCTAHOBKOW M MepOi abCTpakivy,
KOTOpasi IOJDKHA OBITh HEOOXOAMMOMN M JOCTATOYHOM ISl pealii3allui UMeH-
HO 3TOH, a He Kakoi-mmbo apyroi memu. ChopMyTupoBaHHOE MOJIOKCHHE
MOXeT OBITh Ha3BaHO MPUHIIMIIOM HH(POPMAIIMOHHO-IIETIEBOH a/IeKBATHOCTH.

W3 naHHOTO NpHHIMIA CO BCEH OYEBHIHOCTBIO CIIEIYET, YTO KOHKPET-
HYI0 5KOHOMHKO-MaTe€MaTHYECKyl0 MOJENb HEoOXOJMMO HCIIONb30BaTh B
CTPOTO ONpEeJIeNICHHON 00IacTH.



BaxHBIM MpaKTHYECKUM TPEOOBaHHEM, MPEIBSIBIICMbIM K YKOHOMHKO-
MAaTEMATUYCCKUM MOJICIISM, SIBIIsieTCs TpeboBanue uxX 3((EKTUBHON peanu-
syemocT. HeoOXoauMocTh COONIOIEHUS] JaHHOTO TPeOOBAaHUS 3aCTaBIISCT
IPU TIOCTPOCHUU KOHKPETHOW 3KOHOMHUKO-MATEMAaTHYECKOH MOJEIU CTpe-
MUTBHCSI K TOMY, YTOOBI TIONYYUTh MOJIEIb, MPUHAJISHKAIYI0 K XOPOIIO HU3Y-
YEHHOMY KJIACCY MaTeMaTHYECKHX CTPYKTYP, ISl KOTOPBIX CYIECTBYET JOC-
TATOYHO YHUBEPCANbHbII U 3()(HEKTUBHBIN METO X PELICHUSL.

OcOo0eHHO BaXHO YYHTBIBATH 3TO OOCTOSATENBCTBO IIPH ITOATOTOBKE
SKOHOMHKO-MAaTEMATHYECKOH MOIENH Ui ONTUMHU3ALUU 3KOHOMHYECKOM
CHCTEMBI C LIENbI0 ONTUMAIILHOTO YIIPABICHHSL.

1.4. rlpl/IHLI,VII'IbI ynpaBJsieHNA 3KOHOMNUYECKMMN CUCTemMamMmun

Jroboe mnpeanpusiTue, TPOU3BOASIIECE W PEATU3YIOLIEE MPOAYKIIHIO,
MPEACTABISAET HUEPAPXUUYECKYIO CTPYKTYpPY, BKIHOYAIOLIYIO, KaK MHUHHUMYM,
JBa ypoBHS. Ha HIDKHEM ypOBHE pellaloTcs TEXHUYECKHE 3aJayd MO IMOJy-
YEHHUIO U3 BBIAAHHOTO 00BEMa CHIPHS MPU UMEIOIINXCS TEXHUICCKAX U SHEP-
FETUYECKUX BO3MOKHOCTSAX IOJYYHMTh TOTOBYIO Nponykuuto. Ha Bepxnem
YpOBHE pemIalOTCs OPraHM3allMOHHO-YKOHOMIYECKUE 3alavd Mo obecrede-
HUIO TIPENNpUATHS 000pyIOBaHHWEM, MaTepHallaMH, CHIpbEM, SHEeprueH, pa-
OOTHHKAMHU ¥ T.I. U1 (YHKIIMOHUPOBAHUS MPOU3BOJCTBA, a TAK)KE MO pea-
JIN3alUy TOTOBOM MPOIYKIIHH.

B cBs3u ¢ 3TUM 3aaun ynpaBieHUs Ha HU)KHEM YPOBHE 71l OTAENIbHBIX
CTaguil TEXHOJOTHYECKOro MpOoIEecca M 3aJayda yYIpPaBJICHUS HAa BEpXHEM
YPOBHE PEIIAIOTCS 10 Pa3IMYHBIM KpuTepusMm. Tak, Hanmpumep, B OOJBIIHH-
CTBE CIIy4aeB AJI1 OTACJIbHBIX CTaJMM TEXHOJIOTMYECKOTO Ipoliecca KpUTe-
pHUSAMH MOTYT OBITH MPOU3BOAUTENBEHOCTE 10 TPOIYKTY 3aJaHHOTO KadecTBa,
SHEPro3aTpaThl HA MOJIyYEHHUE MPOAYKTA 3aJaHHOTO KayecTBa, YUCTOTA pas3-
JeNIeHUsT CMECH Ha OTAeIbHBIC (pakiud. (s mpennpuaATds B IEJIOM, Kak
MIPABUJIO, KPUTEPUEM SBISICTCS MPUOBLIB.

VipasisitoliMMH BO3I€HCTBUAMH Ha HUXKHEM YPOBHE SIBJISIFOTCS IIOTOKH
SHEPruM WIM BELIECTBA, a HA BEPXHEM YPOBHE — PELICHMS 110 TUIAHUPOBAHUIO
MIOCTaBOK CHIPbs, MaTepUajoB, YHEPrOHOCUTENEH, 000py0BaHUs, IO peau-
3al[M¥ TOTOBOM NMPOJIYKLIHHU U T.II.

B Hacrosiiee BpeMs 10CTaTOYHO XOPOUIO M3Yy4€HBI BOMPOCHI yIpaBlie-
HHUSI TEXHOJIOTMUECKUMU mpoleccaMu. Mimes mMaTeMaTHYecKyr0 MOJENb TeX-
HOJIOTUYECKOTO TPOIIecca, MOKHO HM3BECTHBIMU CIOCOOAMH CHHTE3UPOBATH
CHCTEMY YIIpaBJICHUS, 00ECTIEUNBAIOINIYI0 ONTUMAIbHOE €€ (DYHKIIMOHUPOBa-
HHUE TI0 33JIaHHOMY KPHUTEPUIO0 ONTHManbHOCTH. Hike OymyT paccMOTpeHBI
[PUHLMIIBI YIIPABJICHUS TEXHOJIOTMYECKHMMHU MPOLECCaMH U MOKa3aHo, YTo C
Y4eTOM OCOOCHHOCTEH ASKOHOMHYECKOHW CHCTEMBI KaK BEPXHETO YpPOBHS
NPENIPUATUSA 3TH NPUHLHUIBI U MOAXOABl K CO3/IaHUI0 CUCTEM YIIPABIICHUS
TEXHOJIOTMYECKUMHU MTPOLIECCAaMU MPUMEHUMBI TaK)K€ K IKOHOMUYECKHUM CHC-



TemMaM. DT0 00YCIIOBICHO CYIICCTBOBAHHEM HAYKH KHOCPHETUKU KaK HAYKU
00 yIpaBJIeHUU BOOOIIEC MPUMECHUTEIHLHO K JIFOOBIM OOBEKTaM YIIPaBIICHUSL.
Takumu 00BbEKTaMH MOTYT OBITh OTACIBHBIC TCXHOJOTHYCCKHE Aalaparsbl,
YYaCTKH TMPOU3BOJACTBA, MPEANPHUITUS, OTPACTH MPOMBIIUICHHOCTH, TOCY-
JapCcTBO, OOIIECTBO U T.1I.

Ecnu 00beKTOM yMpaBieHHs SIBISIETCSl TEXHUYECKasi CHCTEMa, B KOTO-
PO MPOTEKAIOT TEXHOJOTMYECKHE MPOIECChl, TO HAayKa YMpaBJCHUS UMHU
HOCHUT Ha3BaHHE TEXHUUYECKOIl KnubepHeTHKU. B HacrosIee BpeMs B JIUTEpa-
Type MOXKHO BCTPETUTh Ha3BaHHE IKOHOMHYECKOW KHOCPHETHKHU, YTO OTPAB-
JIaHO cHeu(UKOM 3a7a4d yHpaBlIeHUsT U CIOCO0AMHU MX PELICHHUS PUMEHH-
TENBHO K SKOHOMHUYCCKUM CUCTEMaM Kak 00BEKTaM yIIPABICHHUS.

KubepHeTryeckuii MoaX01 MPEoiaraeT Hajluuue OOpaTHOM CBS3H B
cUCTeMe ympaBlicHUS. Pe3ynbraT ()yHKIMOHHPOBAaHUS B BHIC BBIXOIHBIX
MEpPEMEHHBIX MEPeacTCs Ha BXOJ| YNPAaBIIOIIEr0 YCTPOUCTBAa. B kadyecTBe
YIPABJISIONICTO YCTPOWCTBA B TEXHUYCCKUX CHUCTEMaX HCIOJB3YIOTCS Pery-
JSITOPBI, @ B DKOHOMHUYECKHX CHCTEMax — JIMIO WJM TPYIIa JIKI, MPUHU-
MAIOIIHX PEIICHUE.

OCHOBOTOJIATAIOIIUMH PUHIIUIIAMHA YIPABJICHUS SBISIOTCS J[BA MPHH-
LUIA: OPUHIUI YIPABICHUS 110 OTKJIOHEHHIO W TPHHIUI YIPABICHUS IO
BO3MYILEHHUIO.

Ha puc. 1.1 npuBenena cxema peaiu3anuy NPHHIUNA YIPABICHUS 110
OTKJIOHEHHUIO.

u(f) L (D)
_’ 1

2 Y
&(1)

Puc. 1.1. CtpykTypHas cxema CHCTEMBI YIIPaBIeHHS C 0OpaTHOH CBS3BIO:
1 — 00BeKT yrpaBiieHusI, 2 — YIPABJISIIOLIEe YCTPOHCTBO
CraButcs 3aj1aua — MOJJIEPXKATh BBIXOAHYIO mepemennyo Y(t) Ha 3a-

naHHOM 3HaueHuu Y’ (t). TIpM NOSBIEHMU BO3MYILAIOIIErO BO3JIEHCTBUSA

Xq (t) BbiXOmHas mepemenHass Y(f) OTKJIOHSETCS OT 3aJ@HHOTO 3HAYEHUS

y?(t), u Benuumna paccornacosanus g(t) =y’ (t)—y(t) nocrymaer B



YIpaBJjIsIoONIiee yCTPOWCTBO, KOTOPOE IO 3aJaHHOMY aJIrOpuT™My (opmupyer
ympasisironiee Bo3aeicteue U(t) . [IperMyIiecTBO MPUHIKIA YIPABICHHUS 110

OTKJIOHEHHUIO COCTOWT B TOM, 4TO HE TpeOyeTcs 3HaHWW BEIMYWHBI BO3MY-
maromero Bo3aeicTeua. K HemocTaTKy ciemryeT OTHECTH JIIUTEIBHOCTD JT0C-
THKCHUS 33JaHHOTO 3HAYCHHS BBIXOJHOHM MEpEeMEHHOH Iociie MoJadd BO3-
MYILIAIOLIEro BO3AeCTBYSL.

Ha puc. 1.2 npuBegena cxema peanu3aliyl MPUHIMIA YIPaBICHUS IO
BO3MYIICHHUIO.

s gy [T g

Y

Puc. 1.2. CtpykTypHas cxema HUHBapHUaHTHOM CUCTEMBI:
1 — 00BeKT yrpaBJicHUsI, 2 — YIPABIISIIOIIEEe YCTPOUCTBO

VYnpasnsionee yCTpoHCTBO 2 3AeCh HOCUT Ha3BaHHE KOMIIEHCATOpa.
IIpu Bo3MylieHHH X, () KOMIIEHCATOp HOJDKEH BBIPAOOTAaTh TAKOE YIIPAB-

JISFOIIEe BO3/IEHCTBHUE, MPH KOTOPOM BBIXOHas mepemenHas Y(t) He oTkio-
HAMach Obl OT CBOErO 3alaHHOro 3HaueHus Y’ (t), T.e. uToOBI oOecreunBa-

nock yenoeue g(t) =y’ (t)— y(t) =0. B atom ciyuae rosopsr, uto obecre-
YHUBAaeTCS WHBAPHUAHTHOCTH BHIXOIHOM mepemerHoi Y(t) MO OTHOLIEHHIO K
BO3MYIIAIONIEMY BO3IEHCTBHIO X, (1) . IIpeuMyInecTBo NpUHUMIIA yIIpaBiIe-

HHS 110 BO3MYIICHHUIO COCTOMT B TOM, YTO B HIEAJbHOM CIly4ae BBIXOJHAs
HepeMeHHasl He pearupyer Ha BO3MYIIAIOLIEe BO3ACHCTBHE BOOOIIE, a B pe-
aJIbHOM CITydYae BBIXOJHas IIEPeMEHHAs BBIXOJHUT HA YCTAHOBUBIIIEECS 3HAYC-
HHE Ha KOPOTKOM BPEMEHHOM HHTepBaie. K ero HeJocTaTKy Cle[yeT OTHe-
CTH OTCYTCTBHE BO3MOXXHOCTH M3MEPHUTH BO3JCUCTBHE C TpeOyeMOl TOYHO-
CTBIO, @ B CIIy4yae MHOTOMEPHOIO BEKTOPa BO3MYIICHHII (OTCYTCTBYET BO3-
MOYKHOCTh M3MEPHTH) — HEKOTOPBIX U3 €r0 COCTABISIONIMX (3TOTO BEKTOPA).
Takxe He Bcerja MPUHIUIHAAIBHO BO3MOXKHO TEXHHYECKH PEaTH30BATh 3a-
KOH (hOPMHUPOBAHUS YIPABIISIONIETO BO3ACHCTBHS T 00eCIieueH s HHBApH-
aHTHOCTH. Hampumep, 3T0 MMeeT MeCTo, eCITi BPeMsl YUCTOTO (TPAHCIOPTHO-
T0) 3ama3apIBaHus 1Mo KaHamy mepenadyn Bosmerictust X(t) wHa Y(t) menbre



BPEMEHU YHCTOTO 3ama3/bIBaHMs [0 KaHaly nepenadd Bosnaeiictsust U(t) Ha
y(t) . B aToMm ciydae Tpebyercs peaau3aiusi YUCTOro ONepeKeHUsL.

VYuuTthiBas MpeMMYyIIECTBA 1 HEAOCTATKH 0OOMX NPHHLUIIOB, B T€X CIY-
Yasx, KOIJla MMEETCsl BO3MOXKHOCTh IMOJY4NUTh MH(OpManuio o0 OCHOBHOU
COCTaBIIAIONIEH BEKTOpa BO3MYIIAIOUIUX BO3JCHCTBUM, UCIONB3YIOT OIHO-
BpeMeHHO 00a MpUHIMIIA YIPaBICHUS, PEaIn3ysl HX C TOMOIIBI0 KOMOWHU-
poBaHHOU cucTeMbl ynpasiernus. Ha puc. 1.3 mpuBenena cxema KOMOWHHPO-
BaHHOW CHCTEMBI yIIPABICHHS.

a)
I
x1)
2! (L CO I w(1)
(1 )
0 2 Y0
&(d)
0)
x(f)
2! u(t _]_ . :_‘::: v(1)
2 Y (D)
s(f)
Mz'(t)

Puc. 1.3. CtpykrypHas cxema KOMOWHIPOBAHHOW CHCTEMBI YIIPABIICHUS:
a) BHIXOJHOM CHTHAN KoMIleHcaTopa Uy (t) anrebpandeckn cyMMHpyeTCs

C BBIXOZIHBIM CHIHAJIOM YIIPABILSIIOIIETO YCTPOHCTBA Uy (t) ; 6) BeIXOAHO!

CHTHAJl KoMIIeHcaTopa Uy (t) anreOpanyeckd CyMMHUPYETCs ¢ BBIXOIHOM

peryaupyemoii nepemennoit Y(t) u ee 3ananubiv 3HauenneM Y (t)



BriOupaercst TOT BapuaHT a) WiM 0) KOMOWHHMPOBaHHOW CHCTEMBI
yIpaBJIeHUs], IPU KOTOPOM IIPOILIE TEXHUUECKH PEATU30BaTh KOMIIeHcaTop 2'.

O0nacTh NPUMEHEHUS CHCTEM YIIPaBJICHHUS C OOpaTHOW CBS3BIO, peau-
3YIOIIUX TOJIBKO NPHHIMIBI YIPABJICHHS 110 OTKJIOHEHUIO, — 3TO cTabuin3a-
IIUST BBIXO/HBIX IEPEMEHHBIX MPOIIecCca Ha 3a1aHHOM 3HAUCHHU.

OO0nacTp MPUMEHEHHS CUCTEM, PEANTM3YIOIIIX MPUHIUI YIPABICHHS MO
BO3MYILEHHIO, — 3TO KaK CTaOMIM3anyus BBIXOAHBIX IEPEMEHHBIX Ha 3a/laH-
HOM 3HA4YCHUH IIPU BO3MOXKHOCTHU JOCTIDKCHUS! HHBAPHAHTHOCTH, TaK M OII-
TUMM3AIHS IpoLnecca.

Bo BTOpOM ciydae ympaBisomiee YCTPOHCTBO BBIMONHIET (DYHKIHIO
ONTUMU3ATOPA, KOTOPBIN 1O MaTeMaTU4eCcKoil MoJeNy Mpouecca BHIUUCIAET
3HAYCHUS YMpaBISIONIero BoszaeiicTeus U(t) Ha 0OBEKT ympaBieHHs, MPH

KOTOPOM BBIXOJIHAs NIEPEMEHHAsl JOCTHIAeT HAWIY4IIero, B CMbICIIE NPUHS-
TOTO KPUTEPHUs, OITUMAIBEHOTO 3HAYCHHSI.

O0macTeio IpHIMEHEHHST KOMOWHUPOBAHHBIX CHCTEM YIPABJICHHS SBIIICTCS
Kak cTabmwm3auus BBIXOIHOW mepemeHHOW Y(t), Tak U obecriedyeHHe ONTH-

MaJIbHOTO (DYHKIIMOHUPOBAHKS O0BEKTa yrpaBiicHUs. Bo BTopom citydae poJb
KOMIIEHCATOpa CBOJHUTCS K BBIPAOOTKE TAKOrO KOPPEKIMOHHOTO CHIHAJA, TO-
CTYMAIOIIETO HA BXOJ CTAOMIM3UPYIOLIErO YIPABISIIOIIETO YCTPOUCTBA, KOTO-
Pblii MPUBOIUT BEIMYMHY 33][aHUS Ha BHIXOHYIO IEPEMEHHYIO K OIITHMAIBHOMY
3HAYEHHUIO NIPH YCIIOBUSIX BO3MYIIAIOIIEro Bo3aeicTust X(t) .

ITpakTHyecku B 3TOM CIy4yae KOMIEHCATOP UIPaeT poJib ONTUMU3ATOpa IS
MIPUBEICHH 3aJIaI0IIETr0 BO3ACHCTBYSA K ONTUMAIBHOMY 3HAYEHUIO B CTAaTHKE U
JUTSL BOSMOYKHON KOMITCHCAIMM OCHOBHOT'O BO3MYIIICHHUS B TMHAMHUKE.

B HacTosimee BpeMs BONPOCH YCTOWYMBOCTH M KaU4€CTBa NMPHUBEACHHBIX
BEIIIE cucTeM ympaBieHus (puc. 1.1-1.3) oOcTOATENEHO W3TIOKEHEI B JTUTE-
patype 1o TEOpHH aBTOMAaTHYECKOTro ympamieHHsA. IIpmduem, 4To Kacaercs
cnenu(uKy MPOU3BOACTBEHHBIX CHCTEM, OOYCIOBICHHOW TEM, UTO TEUCHHE
BPEMEHM B HUX HM3MepsieTcs COOBITHSAMHM HPOW3BOJCTBEHHOTO ILHKJIA, T.C.
JMCKPETHO, TO B TEOPUH aBTOMATHYECKOTO YIPABJICHHS Pa3BHTO HalpasJe-
HHUE TEOPHH JUCKPETHBIX M UMITYJIBCHBIX CHCTEM.

B nHacrosmeM nmoco6uu M3M0KEHBI METOIB! ONTUMHU3AINH, UCIIONb3ye-
MBI€ NIPH PEIICHUH 3a7a4 ONTUMAIBHOTO YIPABJICHHUS, U MIPOMLIIOCTPUPOBA-
HO WX INpHMEHEHHE Ha NpHMepax 3aJad ONTHMHU3AIMH IPUMEHUTENBHO K
9KOHOMHYECKUM cucTeMaM. CiexyeT OTMETHTb, YTO METOMBl CTaTHYECKON
ONTHMHU3AIMM WMEIOT MECTO KaK IPH PEIIeHWH 3aJa4d ONTHUMAaJIbHOTO
YIpaBieHUS] AUHAMHUYECKHIMH OOBEKTaMH YHCICHHBIMH METOJAMH, TaK U
HUMEIOT CaMOCTOSITENIbHOE Ha3HA4YEeHHWE IPU PEIICHWH 33/1a4 ONTHMAIBHOTO
YIpaBJeHUS! CHCTEMaMHM, PAacCMaTPHBAEMBIMH B CTATHYECKOM COCTOSHUH,
HarpuMmep, MpeCTaBICHHBIMU B BUJE CETEH, IPH PEIICHUH 3a]ad ONTHMH3a-
LMY NIPOU3BOACTBA MPOJAYKIUU MPH 33JaHHBIX 3aMacax ChIpbs, MPH OMNpene-
JICHUH ONITUMAJIBHOTO CPOKa CITY>KOBI M3AETHS U T.11.



OntuMH3alys ecTh NPOLECC HAXOXKACHHS TAaKUX YIPaBICHUH WM pe-
LIEHUH, IPY KOTOPBIX IT0Ka3aTelb (YHKIIMOHUPOBAHUSI OOBEKTA YIIPaBICHUS
NIPUHUMAET HawTy4inee (MUHUMAJIbHOE WIIM MaKCUMaJIbHOE) 3HAUCHHE.

Kpurepuii onTHMalbHOCTH €CTh KOJMYECTBEHHBIN IOKa3aTelb (YHK-
IIMOHUPOBAHUS OOBEKTA YIIPABICHHUSL.

OOBeKT ynpaBJieHHS eCTh 00BEKT, B KOTOPOM HPOTEKAET YIPABIISIEMBIH
nporecc.

1.5. Bugpl Kputepmes oNnTUManbHOCTH

K kpuTepusiM oNTHMaTbHOCTH OTHOCSTCS:

— neneBast QyHKIUS,

— (QyHKUMOHAIT.

LeneBast GyHKUMsI ecTh MaTeMaTHueckuii omepatop F(U), xoTopsrit

4yudclly U Ha BXOAE€ CTAaBUT B COOTBETCTBHUEC YHCIIO Q Ha BBIXOIC.

F(u)

S S

b
DyHKIMOHAT €CTh MaTeMaTHYECKHid omeparop .fF(Y(X),U(X))dX, KO-

topbiit pyHkimam Y (X) u U(X) Ha BXOje CTaBUT B COOTBETCTBHE YUCIO J

Ha BbBIXOZC.
b
[F(Y(x), u(x))dx
2 J
J(x),
o —>
Y(x)

1.6. Buabl 06beKTOB yrnpaBneHus

PazniuaroT 06BEKTH ¢ COCPEJOTOYCHHBIMH U C paclpe/ieIeHHBIMU Ta-
paMeTpamu.

OOBEKT ¢ COCPEAOTOUCHHBIMH IapaMEeTpaMu €cTh OOBEKT, B KaKHOH
TOYKE KOTOPOTO B paccMaTpHBaeMbIii MOMEHT BPEMEHHU XapaKTepH3yolIHue
€ro COCTOSIHUE ITepeMEHHbIE IPUHUMAIOT OJJHU U T€ K€ 3HAYCHUSL.



Hanpumep, eMKoCTb, B KOTOPOH BCE MHIPEIMEHTHI NIEpEMELIaHbl, SBIIs-
eTcsi 0OBEKTOM C COCPEIOTOYCHHBIMH Iapamerpamu. B it060it Touke 3TOro
o0beKTa TeMIepaTypa, JaBJIeHHE, COCTaB CMECH M T.II. B PacCMaTpUBaeMbIi
MOMEHT BPEMEHH UMEIOT OJHU U T€ )K€ 3HAYCHHUSL.

OOBeKT ¢ pacrpeneneHHBIMH MTapaMeTpaMy ecTh OOBEKT, B HalpaBJe-
HUH KOOPAMHATHBIX OCEil KOTOPOro B pacCMaTpUBaeMbIi MOMEHT BPEMCHHU
XapaKTEepU3YIOIIe ero COCTOSHUE IIePEMEHHbIC MMEIOT Pa3IMYHble 3Haye-
HUSA (PacIpeaeNieHbl B HAIIPaBICHUH KOOPANHATHBIX OCEH).

B kadectBe mpuMepa Uil 00BEKTa ¢ PAaCHpeeIeHHBIMH MapaMeTpaMu
MOKHO B3SITh TPYOYAThIi TEIUIOOOMEHHUK, B Ka)KIOH TOYKEe KOTOPOTO MO €ro
JUITMHE B paccMaTpHBacMblii MOMEHT BPEMEHH TeMIleparypa UMeeT pa3ind-
HBIE 3HAUYEHUS, T.€. UMEET MECTO TeMIIepaTypHbIH IPODUIIb.

1.7. CocTosiHus 06bekTa ynpasrneHus

OOBEKT yIpaBIEHUS MOXET HAXOIUTHCS B JIBYX COCTOSHHSX: CTaTHYe-
CKOM ¥ JHHAMHUYECKOM.

[Ipr3HaKOM CTaTHYECKOTO COCTOSHHS OOBEKTa YHPABJICHHS SIBISICTCS
MIOCTOSTHCTBO BO BPEMEHH MEPEMEHHBIX, XapaKTEPU3YIOIINX COCTOSIHUE 00B-
eKTa ympasieHus, T.e. OXj/dt =0, roe X — mepeMeHHbIE, XapaKTepH3YIO-
IUe COCTOSHUE O0BeKTa ympaBieHUA. PU3NUECKH CTaTHYECKOE COCTOSHHE
€CTh COCTOSIHHE, IPU KOTOPOM UMEET MECTO yCIIOBHE:

[puxon (snepeuu, sewgecmsa) = Pacxon (snepauu, gewecmsa).

[Ipr3HAKOM AMHAMHYECKOTO COCTOSIHHS O00BEKTa YIPABICHHS SBISCTCS
W3MEHEHHE BO BPEMCHH TIEPEMEHHBIX, XapaKTEPU3YIOIIIX COCTOSHAEC 00BEK-
Ta ynpasnenus, T.e. dxj /dt=0.

DU3NYECKH TUHAMHUYECKOE COCTOSHHUE €CTh COCTOSHHUE, IPH KOTOPOM
HMEEeT MECTO YCIIOBHE:

[puxon (snepeuu, eewecmsa) — Pacxon (snepeuu, sewecmsa) =
= HakoruieHue nin ucTeueHue (9Hepeul, 6eujecmasa).

OOBeKT ynpaBJeHHUs IpeACTaBIeH Ha puc. 1.4.

X1 Xm
Y1
Uy
— OO0BeEKT —>
-_——— yIpaBIeHUS -
L — —
r n

Puc. 1.4. TlepeMeHHbIe, XapaKkTepu3yIOIIne 00bEKT YIPaBICHHS



W3 nepeMeHHBIX, XapaKTePU3YIOIIUX OOBEKT YIPABICHUS, BRIICIISIIOT:
BXOJIHbIE NIEpEMEHHBbIE!
a) BO3MyIIaouye (BHELIHKE) Bo3aecTBus Xy, K =12,....,m;

b) ynpaensromme Bosaeiictus Uj, j=12,.,1;

BBIXOZHBIE epeMeHHsle Vi, i =12,...,n.

Bo3smymaromyumu BO3JEHCTBUSAMU SIBISIIOTCS BO3IEHCTBUSI, MOPOXKIEH-
Hble BHEUIHEW cpenoil. Ha HMX HEBO3MOMKHO BIUATH C LENbIO NMPUBEACHUS
00BEKTA B JKEJIAEMOE COCTOSHHUE.

IIpumepoM TakuX BO3AEUCTBUN SIBISETCS: CKOPOCTh U3MEHEHHS ITOTOKA
(pacxonma) CHIpBSl B TEXHOJOTHYECKHH ammapar, M3MEHEHHE TeMIepaTypbl
OKpY’KalomIel Cpepl, IOTOK TOBAPOB, IIOCTYIHUBIINX HA PHIHOK U T.II.

VYrpasnsrone BO3ACHCTBUS GOPMUPYIOTCS C LENBI0 MPUBEACHUS 00h-
€KTa B JKeJIaeMOE COCTOSHHE.

[Ipumepom Takux BO3AEUCTBUN SIBISIOTCSA H3MEHEHHE CKOPOCTH IMOTOKOB
JHEPrOHOCUTENICH, U3MECHCHHE 00beMa MHBECTHUIINM, BKIIAILIBAEMBIX B MEPO-
HpI/IHTI/ISI T.II.

BrixomHBIC TTepeMeHHBIE OTPAXKAIOT PE3yNbTaT BO3ICHCTBHA BO3MYIIE-
HUH 7 yIIpaBlIcHUH Ha OOBEKT YIpaBICHUS.

IIprMepoM BEIXOTHBIX MTEPEMEHHBIX MOTYT OBITh PAcXOJ LIEIEBOTO (HIIH
TOBapHOT'0) MPOAYKTA, IOIY4aeMOTO B OOBEKTE, €r0 COCTaB, 0OBEM IOINY-
YEeHHOM JICHEKHOM MacChl U T.II.

1.8. CBA3b NEPEMEHHbIX MPU CTaTU4ECKOM
N OUHAMUYECKOM COCTOSIHUAX OObekTa

CBs13b TNIEPEMCHHBIX NIPU CTATUYCCKOM COCTOSHHUH 00BeKTa yapaBJICHUSA
C COCPCAOTOYUCHHBIMU MNEPEMCHHBIMH TPEACTABIIACTCA aHF€6paI/I‘I€CKI/IMI/I
WK TPaHCUCHACHTHBIMU BbIPAKCHUSIMU

Vo=@, (X, e, X, Uy U, i=100, (1.2)
NN
y=p(x.u), 1.2)

rae Y = (Y1, Yn) X=(Xg,00Xm), U= (Ug,eUp).

CBs13b IEPEMEHHBIX NPU AMHAMHUYECKOM COCTOSHHM OOBEKTa yIpaBe-
HHUS C COCPEIOTOYECHHBIMHU TEPEMEHHBIMHU IPEACTABIAETCS CUCTEMOI OOBIK-
HOBEHHBIX U] depeHIManbHbIX YpaBHEHNH:

dy; (©/dt = £ (YO, Y O U O, @), T =L, (13)

HUIIn



dy(t)/dt = f (y(t),u(t)), (1.4)
rac
dy@/dt=(dy (©/dt..dy,@/d0), f = (f 1),

yO =0 Oy, @), u=( (©)..u (1)

3)1601) yi — MNEepEeMCHHAasA, XapaKTCpusyromas COCTOSAHUC 00BeKTa yipaBie-
HUA.

1.9. Boibop KpuTepmeB onTuManbHOCTW ANa 3agad
ONTUMMU3aLMM 0OBEKTOB, HAXOAALWMXCS B CTaTUHECKOM
N ANHAMUYECKOM COCTOSIHUSIX

PesynpraT QyHKIMOHNPOBAHUS OOBEKTA YNPABICHUS OLEHUBACTCS KO-
JIMYECTBEHHO B BUJE KPUTEPHUS ONTHMAIBHOCTH.

Kpurepuit onTumManbHOCTH A1 OOBEKTOB C COCPEAOTOUYCHHBIMH IIapa-
METpaMH, HaXOJSIIUXCS B CTATHYECKOM COCTOSIHUH, €CTh IleJieBast (QYHKIHs
B BUJIE

Q=0Q(Y) wm Q=Q(xu), (1.5)

a U1l OOBEKTOB C pacrpeelIeHHBIMU NapaMeTpaMu — (GYHKIMOHAN B BUJE
|
Q1) = [ (2Q(N/ahdl, (1.6)
ly

rae | — mpocTpaHCTBeHHAS KOOPIMHATA.
Kputepuii onTuMaibHOCTH 711 OOBEKTOB C COCPENOTOYEHHBIMH MapamMeT-
pamHu, HaXOJIAIIMXCS B TMHAMHYECKOM COCTOSTHUH, €CTh (PYHKIMOHAN B BUAE:

QM) = f () /dnt, (17)
rae dQ(t)/dt = F(x(t),u(t)) , t — Bpems.

1.10. NocTtaHoBKa 3agayn onNTUMaribHOro yrnpasneHns
B ctune JlarpaHxa, lNoHTpsrnHa, bennmana
(kak 3agayn gUHaMn4eckon onTUMmU3aLmn)

3agaHbl:
(yHKIMOHAJ, KOTOPEIA TpeOYyeTCsl YIIyUIINTh,

:[F(yl(t),..., y. (©),u,(t),...,u, (t))dt — min(max) ; (1.8)

u(t)eQ



TpaHUYHBIC YCJIOBUSA

k .

Vi) =y, vittk)=y< i=Ll..m (1.9)

MaTeMaTHIECKOe OMMCaHue TIPOIecca
dy; /dt = i (yp(t),..., yn (), u (2),...,u (1)), i=1....n; (1.10)

OrpaHUYEHUs Ha YIPaBJICHUS

uM < <u™, =1, (1.11)
roe Vi), i=1..,n,— QyHKOIMHM COCTOSHHS CHCTEMBl YIIPaBJICHUS,
uj(t), j=1..,r,~ Qynkuun ynpasnenus; - 001acTb JOMYCTUMBIX

yIPaBJICHUMN.
TpeOyetcst Haiith Takue dynkuuu ynpasienus Uj(t), j=1..,r, npu

KOTOPBIX CUCTEMA MEPEXOAUT U3 COCTOSHUA yO B ApPYroe COCTOsIHUC yk , U

IIPH 3TOM BBITIONHSIOTCS YKa3aHHble Bhime ycioBus (1.10) u (1.11), a xpure-
pui ONTUMANBHOCTH MPUHUMAET MUHUMAIbHOE (MAaKCUMAIILHOE) 3HAUCHUE.

KoHTpoabHbIe BONIPOCHI

1 Jate ompenencHue ONTUMH3AIIHH.

2. Kak Ha3pIBaeTcs Kom4YecTBEHHAs OleHKa 3¢ dekTnBHOCTH 00BEKTA
yIpaBiieHUs?

3. B uewm otnmune neneBoit GyHKIMA OT PyHKIMOHATA?

4. B uyeM orimume oO0BEKTa C COCPEIOTOYCHHBIMH MapaMeTpamMH OT
00BEKTa C pacrpeieICHHBIMU TapaMeTpaMu’?

5. B Kakux COCTOSHHUSIX MOXKET HaXOAUThCS 00BEKT ympapnenus? Ka-
KOBBI [IPU3HAKA 3TUX COCTOSIHUM?

6. KaxuMmu nepeMeHHBIMH XapaKTepU3yeTcss O0ObEKT yrpaBieHus?

7. KakuMu MareMaTHYeCKHMMH BBIPAKCHHSIMHA OIMUCHIBAIOTCS COCTOS-
HUS 00BeKTa ynpaBiIeHUsA?

8. Yro moHMMaeTcs Mo 3KOHOMUYECKOH CUCTEMON?

9.  Kakumu cBoicTBaMU 001a1aeT SKOHOMHYECKAs cucrema?

10. Kakoe ormpeneneHHe MOXXHO JaTh ONTHMAIbHOMY YIPaBICHUIO
SKOHOMHUYECKOHN CHCTEMOI?

11. KakoBa KiIacCHQUKAIMI IKOHOMHKO-MAaTEMaTHYECKUX MOJEINeH,
HCTIOJNB3YEMBIX TP MOJCIHPOBAHUHN PEKUMOB (PYHKIIMOHHUPOBAHUS IKOHO-
MHYECKHX CUCTEM?

12, MopaenupoBaHus KakOro BHIa HMEIOT MECTO MpPU ONTHMHU3AIMU
YKOHOMHUYECKUX CUCTEM?

13, Kakwue npUHIMITEI YIPABICHUS MPUMEHUMBI IPH YIIPABICHHH KO-
HOMHYECKHUMU CUCTEMaMH?



14. B uem CyIIHOCTh NMPHHIUIA YIOpaBICHHSA MO Bo3MmylneHuio? Kak
HA3bIBAIOTCS CHCTEMBI YIIPABICHHUS, PEATU3YIOIINE 3TOT IPUHIIHIT?

15. B yeMm CyIIHOCTH MPHHIUIA YIPABICHUS Mo OTKIOHeHUI0? Kak Ha-
3BIBAIOTCS CUCTEMBI YIIPABJICHUS, PEATH3YIONINE 3TOT MPHUHITUIT?

16. Kak Ha3pIBarOTCA CHCTEMBI YIPABJICHHUS, pealn3yromue oda IpuH-
U OXHOBPEMEHHO?

17. Tme mecto pemeHHs 3aJa4d ONTHMH3ANAN B KOMOWHUPOBAHHOM
cUCTEMEe YIpaBJICHUA?

18. Kak craBuTcs 3aqa4a ONTHMAIBHOTO yIIpaBieHus B cTuie JlarpaH-
xa, [lorTpsaruna, bemmvana?

19. B kakoii matematuueckoi ()OopMe MPEACTABISACTCS MaTeMaTHYecKas
MoJIeNb 00BEKTA YIIPABICHHS B TOCTAHOBKE 33]1a9K ONTUMAIILHOTO YIIPABJICHHS?



Tema 2. METO[bl PELLEHNA 3AOAY
ANHAMNYECKOUW ONMTUMUN3ALINA

K meronam pemenns 3aau TMHAMUYECKOM ONTHMHU3AIMN OTHOCSTCSL:

— KJIACCUYECKOE BAPHALIMOHHOE HCUUCIICHHE;

— NPUHIMIT MAKCUMYMa;

— IMHAMHIYECKOe MPOTPaMMHUpPOBAHIE B HETIPEPHIBHON Gopme (ypaBHe-
Hue bemMana).

2.1. Knaccnyeckoe BapuaLoHHOE UCHUCIIEHNE

2.1.1. YpaBHeHnue Jiisiepa 1iis npocTteiimero GyHKuuoHaaa
PaccmatpuBaetcst Kiacc HempepbiBHBIX GyHKIuHA Y(X), IMEIOMUX He-

9 1
NpephIBHBIE TIepBble Mpou3BoaHble (kinacc ¢ynkuuit C™). 3mech x Moxer
OBITH IPOCTPAHCTBEHHOM KoopauHaroi (muHa |, pagnyc R) win Bpemenem t.
CraButcs 3aa4a

J= _b[ F(y(x), y'(x),x)dx — ngg?((min), (2.1)

rae y'(x) = dy(x)/dx ,

IPaHUYHbIC YCIIOBHSL:
y@)=A yb)=B. 22)

Ilycth B paccMaTpuBaeMoM Kiacce (YHKIMH, TPUBEICHHBIX Ha
puc. 2.1, sxctpemyMm dyHKIHoHANY qocTaBiser Gpynkuus Y(X) . Heobxomu-
MbIC YCIIOBHSI 3KCTpeMyMa (YHKIHOHANA MOXHO MOJYYUTH MPH BapHAIMH
¢ysxnuu Y(X) oTtHocuTenbHo GyHkiuu Y(X) B 06€ CTOPOHBL. 3aMETHM, YTO
cpaBHHBaeMble (QDYHKIIMH B TOYKaX & U D MMEIOT OMHO M TO e 3HAYCHHE.
OynkipoHan (2.1), B moABHTErpaibHOE BBIPAXEHNE KOTOPOTO BXOAUT OJHA
GbYHKIHUST U ee TepBasi MPOU3BO/IHASI, HA3BIBACTCS MPOCTEHIINM (YHKIIHOHA-
JIOM.



y(x)
y(x)
y(x)
ya(x)
ya(x)
a | b X

Puc. 2.1. Bapnanus ¢pyHKIHN

Ipencrasum nporeaypy Bapuanuud GyHkuun Y(X) omHomapamerpude-
ckuM cemeiictsoM Gynkuuii (o, X) = ay (X) + (L1— o) y(X) . 3mech nonaraem,
4TO IKCTpEMyM Jocturaerca Ha Gpynkuuu Y(X) . Mcnonb3ys oaHomapaMer-

pudeckoe cemeicTBo GhyHKmit Y(o,X) , MOKHO 3auCaTh

b
J=[F(y(o.X),y'(c, X),X) dX. 2.3)

a
Benem o0o3HaueHne Sy(x) = y(x)— y(x), TOTr/Ia

d(Sy(x))/dx =38'y(x) = ¥’ — y'(X) = 8y’(X) . 3ameTum, YTO U3 OJHOIAPAMET-
pHYecKoro cemeiicTBa (YHKIMI (YHKIMH, OOCTABJIAIOMIEH JKCTPEMYM
(yHKIHOHATY, cooTBETCTBYET 0. =0,

HeobOxomumMoe yclnoBHe 3KCTpeMyMa (yHKIMOHAIA HPH OJHONApaMeT-
PHYECKOM HPEACTABICHAN BAPHPYEMOil (yHKIMI MOKHO 3aIHCATh KaK

dJido =0, (2.4)

HUIIn

0. (2.5)

a=0

A —

i F(y(a, X), ¥'(«, x), X) dx
da



PackpoeM moabIHTErpasibHOE BEIpasKeHUE B ypaBHEHHH (2.5)
d(F(y(a,x), ¥y (a,x),x)/da =
=0(F(y(e,X), ¥ (e, %), x)/ oy -d(y(a, X)) [ dex +. (2.6)
+0(F(y(a,x), y'(a, x),x)/ oy~d(y' (a, X))/ dex

Bgeniem o6osnavenns: Fy =0F/dy , Fy: =0F /8y’ . U3 (2.6), c yuerom

BBEIICHHBIX 0003HAYCHUH M BBIPAKEHUS OIHONAPAMETPHIECKOTO CEMEHCTBa
(GYHKUIHH, TOTy9IUM

O(F(Y(, %), ¥ (a, %), x) | 0cx =

= F, (y(e, %), y" (&, X), X)(Y(x) = y(x)) +

+F, (y(a, %), y' (@, %), X)(y'(x) = y'(x)) = 2.7)
=F, (y(a, %),y (a, X), X)dy (x) +

+F, (y(a, X), ¥ (@, %), X)5Y(x))

IoxctaBum (2.7) B pyHKI[HOHAI

[ (F, (@, %), y'(er, %), )y (x) +

(2.8)
+F, (y(a, ), y'(a,x), x)dy(x))dx =0
U3 (2.8) BBIIEINM BTOPYIO COCTABJISIONIYIO
[F, (0, y' (), )59 (x)dx =
) 2.9)

= [F, (¥, y'(x), \)d (y(x))
1 BO3bMEM HHTeTpal (2.9) mo yactsam

[F, (y(0), Y00, x)d (8 (%) =

= j (AR (y(x),y'(0)x) = (2.10)

= F, (y(9, Y00, 0y ()" dey 0 Y99 5y

VuaureiBast TOT GaKT, 9TO CpPaBHUBAEMbIE (PYHKIIUH HUMEIOT OJHMHAKOBBIC
3Ha4YeHUs B TPaHUYHBIX TOoYkax, T.e. O(Yy(a))=05(y(b))=0, umeem

Fy (y(x), Y'(%), x)5y(x)‘g ~0.



#dFY'(y(x), Y'(%), %)

OcraBrrytocs 9acTh —I 4
X

a

Oy(X)dx moacraBuM B (BYHKIHO-

Hau (2.8) u noay4um

[(F (v, Y, %) 3y(x) -
: (2.11)

- E (.Y (00 F () bk =0

[TpuBenem nogoOHbIe wienst B (2.11)
b

[ (R (v, y' (), %) % F (v, y'(x),x)dy(x)dx=0.  (2.12)

a

B COOTBCTCTBHUU C ﬂeMMOﬁ BapI/IaHI/IOHHOFO HNCYUCJIICHUA:. €CIIN UMECCT MECTO
b
[H(),y'(x), \)h(x)dx=0, (2.13)

rane H(y(x),y'(x),x) — nemnpepsiBHas ¢yHkuus, a h(X) — HempepbiBHAs
GbyHKIWS, HAa KOHIIAX HHTEpBaia 00paIIaoIIasics B Hylb, TO

H(y(x),y'(x),x)=0. (2.14)

HMeeM aHAIOTHIO Fy(y(X),y'(X),X)—;—XFy:(y(X),y'(X),X) w3 (2.12) ¢
H(y(x),y'(x),x) u3z (2.13) u 8y(X) m3 (2.12) ¢ h(x) u3 (2.13). Crenosa-

TENbHO, MOYKHO 3aITUCATh
’ d ’
Fy(y(x),y (x),x)—&Fy'(y(x),y (x),x)=0. (2.15)

[TonydeHHOEe ypaBHEHWE HaA3bIBAETCS ypaBHEHHEM Oiliepa s Mpo-
creiimiero GyHKIMoHaNA. Y paBHeHHE Diiepa SBISCTCS JUIIb HEOOXOIUMbIM
yCIIOBHEM 3KcTpeMyMa (yHKIMOHaja. PemeHue ypaBHeHHsA Dilnepa HOCHUT
Ha3BaHHUE dKCTpeManu. T.e. B 00IeM cirydae SKCTpEeMalb MOXET He JOCTaB-
JSATHh SKCTpeMyM (QyHKInoHaATy. OTHAKO, €CJIM OHA JOCTABISIET (PYHKIMOHA-
Iy IKCTPEMYM, TO MOXKHO OIPEIEeNUTh, KAKOMY 3HAYCHHUIO (YHKIIHOHAIA
(MHHUMAIFHOMY WJIM MaKCHMAJIBHOMY) COOTBETCTBYET SKCTpeMyM. C 3Toi
LIEJTBI0 UCTIONB3YIOT YCnoBus Jlexxanapa:

Ecan J = max , to
y(x)

Fyyr (Y(X), Y'(X), X) 0. (2.16)



Eciu J — min |, to
y(x)

Fy (¥(0), ¥'(), ) 2 0. (217)
YpaBHeHUs Dinepa s MpOCTEHIero (pyHKIHOHANA ecTh OudepeH-

[UaJbHOE ypaBHEHHE BTOPOro Mopsika. [TokaeM 3To, 3allicaB ypaBHe-
uue (2.15) B pasBepHyTOM BHIE:

R
OF, (y(¥),y'(¥). %) dy  F, (y(X),y'(x).%) _
oy dx oX
C y4eToM NpHHATHIX 0003HaYeHUH ypaBHeHMe (2.18) npuHUMaeT Bua
F (Y09, Y'(%), ) = F,, ¥y () = Fyy (¥(X), Y'(X), ) y'(X) +
+F, (y(0,y'(x),x) =0 '

[pu pemennn nupdepeHmmansHoro ypaBaeHus (2.19) wmcmomp3yroT
rpaHmgHble ycmoBusa (2.2). OOmmit Bun pemieHus nudepeHIHaTEHOTO
YpaBHECHUS

(2.18)
0

(2.19)

y=y(x,C1,Cy) (2.20)
INocrosnuble unTerpupoBanus C; u C,HaxXondT U3 ycnoBui
a,C,,C,)= A,
y( 2) (2.21)
y(b,C,.C,)=B

Ipumep.  Haiitn skcTpeManb (yHKIHOHATA:
IV, Y (x), )] = i [(y'(x))? +12xy]dx,
y(0)=0,y()=1.
VpasHenue Diinepa:
Fy (Y0¥ (00, = Fy (Y00, Y (9,0 =0,

d(F,)
dx

Fy =12x, Fyr =2y'(X), =2y".



Hanee 12x—2y"(x) =0, y"(x) = 6x
y'(x) = [6xdx+C, =3x*+C,
y(x) = I(sz +C,)dx=x>+C,x+C,.

Haiinem nocTosiHHBIE HHTETPHPOBAHNS, HCTIONB3YSI TPAHUYHBIE YCIIOBHS:

y(0)=0+C;-0+C, =0, C, =0,
y(l)=12++C1-l+0=1, C1=O.
3

OkcTpemanb: Y = X”.

Vcnosust Jlexanmpa: F ' = %(Zy') =2>0.
y

d
ntg = _' F
Yy dy Y
CnenoBartensHO, Ha QyHKINHT Y = X (YHKIIOHAT UMEET MUHHMYM.

2.1.2. Heo0xoaumoe ycJIOBHE IKCTpeMyMa (PpyHKIMOHAIA,
3aBHCAIIET0 0T N-PYHKIMI U OT UX MEPBBIX MPOU3BOTHBIX

PaccmaTpuBaeTcs GyHKIIMOHAT BUIA!

b
JEG200 Yn (%), Y100, Y0 (%), X)dx = f;‘(iz()(min) (2.22)
C IPaHUYHBIMH YCIOBHAMHU:

yi(@)=A,
Yi (b) =Bi, i =1,...,n

Heobxoaumble ycioBusi 3KcTpeMyMmMa (DyHKIMOHama B 3TOM CIydae
MIPECTaBIAIOT OO0 CUCTeMy ypaBHEHHI Diiepa:

F, (y(x),y'(x),X) —% F,(y(x),y'(x),x)=0, i=1..,n, (2.23)
Trae
y(x) = (Y1(X)s--s Yn (X)),
y'() = (Y1(¥)s--, Yn (X)),

u yeiosus Jlexanapa:
Vi ! <
ecmn J —> ma)i, TO Fyly1 (y(x),y'(x),x) <0,

y(x

Py Fyiy: Fyivi Fyiyn

. 11 Fl L P O PR <0: (2.24)
yayi o Ya2Y2 Foror Furor




ecan J = min, to F ,yi(y(x),y’(x),x) >0,

yoo N

Fy'yl y Fyl yI Fyiyi Fyiy'n

. 171 Fl 2150, e >0. (2.25)
VoY1 YaY2 Foro

Fyevi-Fynye

2.1.3. Heo0xoamMoe ycioBHe 3KCTpeMyMa (PyHKIIMOHAJIA,
3aBHCAIIEro oT GYyHKIUH U OT ee N MPOU3BOAHBIX

PaccmarpuBaercst pyHKIMOHAI

b
3 = [FY), Y (e, Y (%), X)X = m(a§(min) (2.26)
y(x

a
C 'PaHUYHBIMU YCJIIOBUAMMU:
y@=~A, yb)=8;
y(@=4A,  Y(b)=By;
Y @=a, Yy 0)=8,

B sroM ciyuae HeoOXoouMoe YyCIOBHE S3KCTpeMyMa (yHKOHOHala
IIPEACTaBISIETCS B BUE ypaBHEeHUs Dinepa-Ilyaccona:

Fy (Y00, Y (%), Y (%), )+

n gk . (2.27)
+ T ED P (900, Y (01 Y (0,%) =0
k=1 dx

u ycnoBuit Jlexanapa:
ecii J = max, To
y(x)

<
Fyoym <0, (2.28)

ecmu J = min, To
y(x)

>
Fyoym 20. (2.29)



2.1.4. Heo0xoamMoe ycjioBHe 3KCTpeMyMa (PyHKIIMOHAJIA,
3aBHCALIET0 OT N (PYHKUHUIH U OT ee M NPOU3BOAHBIX
IS KasKI0u u3 N pyHKumi

PaccmarpuBaercst pyHKIMOHAI
b , : (m) (m)

J = [F(y2(X)seeer Yn (¥), Y1)y YR (X)ssyg (K)o Y7 (%), X)dX (2.30)
a

C PPAHMYHBIMH YCIOBHAMI:
yi(@)=Ayg, Y1(0)=Bro.. Yn(@)=Ang, Yn(b)=Bnp,
yi(@= Ay, yi()=Biq,..., Yn(@)=An1, yn(b)=By1,
.............................................................................. (2.31)

yR@=A yO0 =By vO@ =AYb =By,

B sroM ciyuae HeoOXoouMoe YyCIOBHE S3KCTpeMyMa (yHKOHOHala
mpeacTaBisieT co0oil cucteMy ypaBHeHHE Oitnepa-IlyaccoHa ¢ COOTBETCT-
BYIOIIMMH ycIOBUsMH JIexxanapa.

Cucrema ypaBHeHuil Diniepa-Ilyaccona umeer Bua:

Fy /00,y (x)..y ™ (X)) + i=1..n,

m o dk (2.32)
+ 2 ) R 0.y 00,y ™ (0,0 =0,

k=1 dx i

e Y(X) = (Y103, Yn (X)) -

2.1.5. Pemenue BapuaniMOHHBIX 32124 NPH HATUYUH
HHTErPAJbHbIX (M30MePUMETPUYECKHUX), TOJIOHOMHBIX
M Hero0JJOHOMHBIX CBfI3el

PaccmaTpuBaeTcs GyHKIMOHAT

b
J=[Fy(x),y'(x),x)dx - m(a>)<(min) (2.33)
a yx

C FpaHI/ILIHBIMI/I yCJ'IOBI/IﬂMI/I
yi(a)= A,

yilb)=5;, i=1..n’ (2.34)



IIpyu HAJIMYXUU OJHOT'O M3 BUJOB CBA3U!
HHTCrpajibHas CBA3b

b
[Gj(y().y' (), x)dx=1j,j=1...m; (2.35)
a
TOJIOHOMHaAs CBS3b
9jy(x),x)=0, j=1..m; (2.36)
HCETOJIOHOMHAs CBA3b
@iy, y'(x),x)=0, j=1l..m. (2.37)

3aMeTHM, YTO FOJIOHOMHAS CBA3b HE COISP)KUT NPOU3BOAHBIX, a B HETO-
JIOHOMHOH CBSI3W Hapsay ¢ (QYHKIHSMH BXOIST TaKKe NMPOU3BOAHBIC 3THX
GbyHKIMHA.

2.1.5.1. PemeHue BapMANMOHHBIX 32124 NPH HAJIMYUHU
HHTErpajbHbIX CBsI3eil

HpI/I HaJIMYMKU HUHTCTPAJIbHBIX CBsI3€Hl COCTaBJISCTCS HOBOE IOIBIHTE-
T'paJIbHOC BbIPpA’KCHUC BUJA:

Fy(,y' (0,2, %) = F(y(x),y'(x), x) +

y 2.38
+ 24,6,y (9, ), (2.38)

rue kj, j=1..,m, ectb yncina.

Heobxomumoe ycnoBue s3kcTpeMyMa (hyHKIIMOHATA

C ' d C ' H
Fy, (Y00, (). 2 ) = = Fyr(y(0),Y' (0. x) =0, i =1 (2.39)
OTH ypaBHEHHUS PEUIAIOTCS COBMECTHO C YPaBHEHHSMHU HHTETPATbHBIX
cBsizelt (2.35) npu HCTIONIB30BAHNH TPAHUIHBIX YCIIOBHH (2.34).

2.1.5.2. Pemienne BapMalMOHHBIX 33124 NPH HAJIUYHMHU
roJIOHOMHBIX M HEeroJJOHOMHBIX CBAA3eil

HpI/I HaJIMYMH TOJIOHOMHEIX M HETOJJOHOMHEIX CBSI3€H COCTaBIISICTCS HO-
BOC NMOABIHTEIPAJIbHOC BBIPAXKCHUC BUa

F(y(x),y'(x),2(x), ) = F(y(x),y"(x), X) +

m , 2.40
+ $05090;/00.9 (240
j=



nin

Fy(x),y'(x),h(x), %) = F(y(%),y'(x), x) +

N 241
+ 32,000,009, (0., 241

rue kj, j=1..,m, ectb GyHKIHH.

HeoOxonumoe ycnoBue sKcTpeMyMa (QYHKIMOHajda B 3TOM Ciydae
NIpeACTaBIsIET cOOOW CHCTEMY ypaBHEHUH BHAA

Fy, (Y9, ' (), &, x) = dlfyiv (Yy(¥),y'(x),x)/dx=0,i=1,..,n. (2.42)

OTH ypaBHEHHS PEIIAIOTCS COBMECTHO C YPaBHEHHUSIMH COOTBETCTBEHHO
TOJOHOMHBIX (2.36) M HEeromoHOMHBIX (2.37) cBA3eil MpH HCIIONB30BaHUU
TpaHUYHBIX ycloBHiA (2.34).

Ipumep. Hatiti sxcTpemany st GQyHKIMOHATA:

1
I (0, 200) = [ @+ (' ()% + (Z'(x))?)dx,
0

y(0) =0, 2(00=0; y@©)=3 z()=1 y=z(x)+2x°,
3an141ueM ypaBHeHI/Ie CBA3U B BUIC
P(y(x), 2(x),X) = y(x) — 2(x) - 2x° =0.
CdhopMupyem HOBOE MOABIHTETPAIEHOE BBIPAYKCHHE
F(y(x), y'(x), 2(x), 2'(x), X) = 1+ (y'(x))? +
+(2' (%)% + L)Y (x) = 2(x) = 2°)
YpaBHeHwus Ditiepa B 9TOM cliydae UMEIOT BUJIL:
Fy —d(lfy:)/dx= 0, Fz-d(F)/dx=0.
B pa3BepHyTOM BUjE HMeeM:
AMx)—d(2y’'(x))/dx =0,
—A(X)—d(2Z'(x))/dx =0
PeHII/IM 9THU ypaBHeHI/ISI COBMECCTHO C yCJ]OBI/IeM CBA3HU
y(x)—z(x) — 2x3 =0

2y"(x) = A(x),
27" (x) =—=A(X)



nin
y'()=r(9)/2,
2"(xX)==A(x)/2

Bo3bpMeM BTOPYIO IPON3BOAHYIO OT YCIOBHS CBS3H
y'(x)-2"(x)-12x=0
U MOJICTaBUM B MOJTydeHHoe Beipakenne Y''(X) u z''(x):
MX)/2+A(X)/2-12x=0,  A(x)=12x.
Teneps:
y'(x)=6x; y'(x)= I6xdx +C,=3x*+C,
y(x) = [ (3% +C,)dx+C, =X’ +Cx+C,;
2"(x) =-6%; z'(x)=—[6xdx+C, =-3x*+C,,
2(x) = [ (-3x* + C,)dx + C, = —x* +C,x+C,
Haiinem C; —C,, ucnomnb3ys IpaHHYHbIE YCIOBHS:
y(0)=0=0+C,-0+C,,C, =0;
y@)=3=1+C,-1+C,,C,=2;
2(0)=0=0+C,-0+C,,C, =0;
z(=1=-1+C,-1+C,,C, =2
OKOHYATEJIFHO HMEEM
y(x) = X3 +2X, z(x)= 3 +2x.

2.1.6. Pemienne 3a1a4u oNTHMAJIBHOTO YNIPaBJIEHUSA
KJIACCHYeCKHM BAPHAIIMOHHBIM HCYHCIEHHEM

Pemaercs 3ajgayda:

t

J =[F(y(x),u(t),t)dt — max(min) , (2.43)
0 u(t)

y©0) =y% y(t) =y, (2.44)

dy; /dt = f;(y(x),u(®),t), i=L...n, (2.45)

re Y(t) = (Y1) Yo ©), UE) = Uy, Up (1)



Ota 3a7aua SBISIETCS BapUALMOHHOM 3ajaueil ¢ HErOJOHOMHBIMHU CBSI-
35IMH.

ChopmMupyem HOBOE MOJBIHTETPATBHOE BBIPAYKECHUE, COOTBETCTBYIOIICE
HETOJIOHOMHOH CBsi3H (2.45)

F(y(®), u(), M) = F(y(), u(t),t) +

+ 21 A Oy dt =, (y(©),u@))

(2.46)

s GpyHKIMOHANA C MOMBIHTETPAbHBIM BhIpaxeHHeM (2.46) HeoOxo-
JUMBIC YCIIOBHS 9KCTpeMyMa 1o GpyHKnusM Yy, K =1,...,n uMeroT BUxI:

Fy, (y(),u®), A1) - dFy, (y®).u@®,M0)/dt=0,k=1...,n.  (247)

Jns dyHKIMOHANA ¢ MOJABIHTErPaJIbHBIM BhIpakeHHeM (2.46) mo (yHK-
musM Uj, j=1..,I HEOOXOMUMBIE YCTIOBUS SKCTPEMYMA UMEKOT BHIL:

Fu, (y(®), u(®), (1)) — dFy (y(©),u(®), A(©)/dt =0, j=1...r. (2.48)
3anumeM HEOOXOOMMBIE YCIOBHS SKCTpeMyMa (YHKIHOHajda C II0-

IBIHTETPAIBEHBIM BBIpakeHHeM (2.46) B pa3Bep-
HYTOM BHJE:

OF (y(t),u(t),t)/ oy — _anlki(t)afi (y(t),u(t),t)/ dyy —
—d( () /dt=0, k=1,..,n

(2.49)

O6ozHaunm —1= Y, Aj(t) =¥ (t).
Tenepb HEOOXOUMBIE YCIIOBUS IKCTPEMYMa B Pa3BEPHYTOM BHJIE €CTh:

d (v, (1))t = =y, 2(F (y (1), u(t). 1)) / oy, —

3 2.51

~ 2V (yO.u®.0)/ oy, (2.51)
Yoo (F(y(t),u(t),1))/ou; +

(2.52)

¥ ilwi (1)(@F; (y(t),u(t).))/8u; =0

KoHTpoabHbIe BONPOCHI

1 C kakuM KiaccoM (YHKIMI ONepupyeT BapHallMOHHOE UCUUCIICHNE?



2. Kakoe ycnoBue peanusyeTr ypaBHeHHe Oiiyiepa AJsl IPOCTEHIIEro
¢yHKIIMOHATA?

3. IlpuBectun ypaBHeHue Diiepa Juist pocTeliero GyHKIHOHANIA.

4. Tloxa3ate, 4TO ypaBHEeHHE Diiniepa Jjst npocTelero GpyHKIMOHAIA
sBIsieTcst quhepeHnnaTbHEIM YPAaBHEHHEM BTOPOTO MOPSIKA.

5 C kaxo#i menpro UCTONB3yIOT yenoBus Jlexxanapa? KakoBo mx co-
JepKaHue U IpoCcTenero (yHKIroHama?

6. Uto mpencraBmseT coOol HEOOXOAMMOE YCIOBHE SKCTpeMyMa
(yHKIHMOHANA, 3aBUCSIIETO OT N GYHKINH U UX TIEPBBIX MPOU3BOIHBIX?

7. Kaxosa ¢popma ycnosuit Jlexannpa s pyHKIHOHANA, 3aBUCAIIETO
0T N (GYHKIMH U X MEPBBIX TPOU3BOIHBIX?

8. Uro mpencraBisier coOoil HEOOXOJMMOE YCIOBHE JKCTpeMyMa
(yHKIMOHaNa, 3aBUCSIIETO OT QYHKIUH U OT € M NPOU3BOJIHBIX?

9. Kaxosa ¢opma ycnosuii Jlexxanapa i GyHKIHOHANA, 3aBUCAIIETO
OT (PYHKIHHU U ee M MIPON3BOIHBIX?

10. Yro mpencraBiser coOOd HEOOXOAMMOE YCIOBHE JKCTPEMyMa
(GyHKIMOHANA, 3aBUCSIIET0 OT N GYHKIMHA U M MPOU3BOJHBIX OT KaXKHOH U3
9THUX QYHKIMHA?

11 Kak peuracTCda BapuallMOHHAaA 3a/1adya IMpU HaJIUWYUKW UHTETrpaJIbHbIX
cBs3zen?

12 Kak peuracTCd BapualMoOHHas 3ajjadya Mpru HaAJIUYHUKU T'OJJIOHOMHBIX U
HETOJIOHOMHBIX CBSI3€H?

13. Kak knaccudumupyercs 3amada ONTUMAIBHOTO YNPABICHUS IIPH
MIPUMEHEHNHY BapHAIIIOHHOTO HCYHUCIICHHSA?

14. 3ammcaTh ypaBHeHHe Diliepa 1o mepeMeHHBIM coctosiHus Vi (t) B

3a/1a4e ONTHMAIBHOTO YIIPABICHHUSL.
15, 3ammcaTe ypaBHeHue Oinepa no (yHkuusMm ympapieHus Ui(t) B

3aa4€ ONTUMAJIbHOI'O YIIPABJICHUA.

2.2. MpuHUMN Makcnmyma

Pemaercs 3amaua
t
J =[F(y(x),u(t),t)dt — min . (2.53)
0 u(t)

MareMaTn4ecKoe OUCaHue mpouecca
dy; /dt = f; (y(x),u(t),t), i=1..n. (2.54)

I'pannunble ycmoBus

yO)=y°,  y)=y~. (2.55)



OFpaHI/I‘ICHI/Iﬂ Ha yIIpaBJICHU
uE"i”SUj Suf®™, j=Lor, (2.56)

[Ipy mpuMeHeHNN MPUHINIIA MAKCUMyMa PELICHHUE MOXKET JOCTUTaThCs
KaK B KJIacce HEIPEPBIBHBIX (YHKINH, TaK U B KJIACCE Pa3phIBHBIX (PyHKINI
C KOHEYHBIMH Pa3pbIBAMU. DTO OTINYAET IIPUHINI MAaKCUMyMa OT KJIacCHIe-
CKOTO BapHAaIMOHHOTO UCUHUCIICHHSL.

IIpn nokazaTenbcTBE HEOOXOANMBIX YCIOBUI MHHUMYMa (YHKIMOHANIA
B TPUHLMIIE MaKCUMyMa HCIIOJB3YEeTCs Hrojibyaras Bapuauus (QyHKIUU
ynpaBJIeHUs], IPeCTaBICHHAs Ha pUc. 2.2.

utyh

. |
t t, t

Puc 2.2. Uronpyaras GpyHKIus

2.2.1. Copep:xaHye NPUHIUIIA MAKCUMYMa

®dopmupyetcst Gyrkmws ['aMuibTona
H(y (1), u(t), w(t)) = w, F (y (1), u(®).1) +

n 2.57
+§,t//i () f,(y(@®),u(),1), (2.57)

rae Vi, i=0.1,...,N nogquUuHAIOTCS YCJIOBUSIM:
dj /dt = —aH (y(t),u(t), w(t))/dy;, i=0,..n. (2.58)

MareMaTuyecKoe OINMCAHUE IPOLECCA MOXHO BBIPAsHTh uepe3 (ByHKIHUIO
H (y(t),u(t), w(t)) BBUIE

dy; /dt = 3H (y(t),u(t), w(t))/dy;, i=0,..n. (2.59)

Cucrema nuddepeHuuaibubix ypaBHeHuit (2.58) u (2.59) Hocur Ha3Ba-
HHUE CHCTEMBI COTIPSDKEHHBIX yPaBHEHHUH.



HpeILCTaBI/IM KpI/ITepI/Iﬁ ONTUMAJIbBHOCTHU B BUJIC
t
Yo(t) = [F(y(®),u(t),t)dt . (2.60)
0

Zamerim, uto Yo (0) =0, a dyg(t)/ dt = F(y(t),u(t),t) .

@Dopmynuposka npunyuna maxcumyma: IycTb HaiileHbl ONTHMAaJb-
HBIE YpaBHEHHUS, MUHUMM3HpYIomue ¢yHKnuoHan (2.53). B atom ciydae
cHCTeMa CONPSDKCHHBIX ypaBHeHUH (2.58) u (2.59) mMeer HeHyJeBoe pere-
HHE, IPY ATOM BBIITOJIHSIOTCS CIEIYIONINE YCIOBHS:

1 @ysxmms H(y(t),u(t),y(t)) mpuHEMaeT MakCHMalbHOE 3HAYCHHE,

T.C.
H" = T3>)< H (y (1), u(t), w(t)) . (2.61)
2. H* (t) =const. (2.62)
3. yg=const<0. (2.63)

2.2.2. O0uuii aJropuT™ pelieHus 3a1a41 ONTUMATIbHOT0
YIpaBJIeHHS ¢ UCNOJIb30BAHNEM NPHHIMIA MAKCHUMYMa

1 Makcumusupyercst ¢ynkums H(y(t),u(t), w(t)) mo ympaBneHMsIM
u(t) . Ipu aToM mosTy4yaroT QYHKIMH YIIPABICHHUS B BHIC

uj =uj () w), j=L..r. (2.64)

2. Oynxmym (2.64) MOACTABIMIOT B CHCTEMY CONPSIKCHHBIX YpaBHEHUI
(2.58) u (2.59).

3aMeTHM, YTO IS MOJYYCHHsS MX PELICHHs HYXXHO uMmerb 2N+ 2 rmo-
CTOSIHHBIX HMHTETPUPOBAHHS, ONpENe/sIeMbIX NPH HCHOJB30BAaHUM 2N + 2
TpaHUYHBIX ycJOBHH. V3 NOCTaHOBKM 3a/a4 ONTHUMAJIBHOTO YIPABICHUS
ClIeAyI0T 2N TPaHUYHBIX YCIOBHH M OJHO FPAaHUYHOE YCIOBHE JUIs (DYHKIMU

Yo - HyXHO nMeTs elie ogHO rpaHHYHOE YCIOBHE.

[Mpu makcummsarmu Gyakuun H (y(t),u(t), w(t)) mo u(t) B cury nu-
HeliHocTH (yHkmumn H ortHOCHTenmbHO Wi, i=01,...,Nn onHa U3 QyHKUUHA
yi(t) MoxeT GBITH MPEACTaBICHA C TOYHOCTBIO [0 IOCTOSIHHONW HHTErPUPO-
BaHMs. YUHUTBIBAs TPEThE YCIOBHE MPUHIIMIIA MAKCMMyMa, MOXKHO MPHUHSTH
caMo 3HaucHHEe QYHKINH Y HETONOXUTEIBHONH KOHCTAHTO! (TIPHHIMACTCS
yo =-1).

3. Temepp pemicHHE CHCTEMBI CONPSHKCHHBIX YPABHCHHHA MOXET OBITH
HaNJIEHO:



yi=vyi(t), (2.69)
vi=yi(t),i=01..,n. (2.66)
4. Tlogcrasmsroress ¢pyaknuu (2.65) u (2.66) B (2.64), u momy4aroTcs
onTHMaibHble QYHKIMK yIpaBieHus B BugeUj = Uj (t).
O1u QyHKIMH yIpaBIeHUs] MOXKHO II0Iy4aTh B Buje (DYHKIIUIA OT mepe-
MeHHbIX cocTosHmA Yi(t),i=0L..,n, r.e kak Uj =uj(yy(t),..., Ya(t)).

B 3TOM ciydae 3ajaua ONTUMAILHOTO YIPABIICHUS HA3bIBAETCS 3a1aueit
CHHTE3a ONTUMAJILHOTO YIIPABICHUS.

3anuiieM B pa3BepHYTOM BHUJAC CHCTeMY ypaBHeHui (2.58) u HeobXo-
aumoe yerosue Makcumyma OH (y(t),u(t), w(t))/ou; =0, j=1..,r, dyuk-

wn H (y(t), u(), w(®)):
dy; /dt = —yd(F(y(t), u(t),t))/ y; —

3 ; 2.67
- Lk (f YO UO0)/ By, i=1m (267)

O(H (y(0),u(®), 1)/ 8uj = wod(F(y(®), u(t),1))/6uj +
(2.68)

+ kzn;lwk(t)a(fk (YO,U®),D)/8U; =0, j=L..r

3aMeTHM, 4YTO BBIp@KEHHE I NPOU3BOAHBIX (2.67) COOTBETCTBYET
ypaBHeHusM Ditnepa (2.51), sanucannbiM st dyakimin Yy (t), k=1..,n, a
ycnoBue (2.68) COOTBETCTBYET ypaBHEHIIM Diinepa (2.52), 3anucaHHbIM IS
bynxrmit uj(t), j=1..,r, B KIaccHieCKOM BapHAMOHHOM MHCYHCIIEHUH

IIpyu pCHICHUH 3a/1a4U ONTUMAJIBHOT'O YIIPABJICHUS.

2.2.3. [Ipumep peleHus 321244 ONTUMAJIBLHOTO YIPAaBJIEHUsI
¢ HCMOJIb30BAHUEM NMPUHIIUNA MAKCUMYMA

IMpumep. Haiitu ynpasnenue U(t),, npu KoTopoM GyHKIIMOHAI
t
J(y(®),ut) =12 (y(t)* + u(t)?)et,
0

y(O)=17 y(tk)=2,
MPUHUMACT MUHHUMAJIbHOC 3HAYCHUE.
VYpasuenue auHamuku oowekra dy(t)/dt = ay(t) +u(t) .
[IycTh Ha yIpaBlicHHE HE HAJIOKEHO OTPaHUYEHHUH.



Beenem dyg /dt = (y2(t) +u(t))/2, y(0)=0.
CocraBuMm QyHkuuio ['aMmuibToHa
H(y(®),u®),w(t)) = wo fo (y(t),u(t)) + w(t) f (y(t),u(t)) .
B pasBepHyTOM BHIE
H(Y(®).u®).w(t) = wo(y* () +u? 1)/ 2+ wt)(-ay 1) +u(®) .
IIpumem o = —1. ConpsikeHHOE ypaBHEHHE
dy /dt =—8H (y(t),u(t), w(t)) /8y(t) =—y(t) + ay(t) .

Makcummszupyem ¢ynkumio H (y(t),u(t), w(t)) . Heobxonumeim ycio-
BueM ee oakctpemyma ssisercs O H(y(t),u(t),y(t))/ou(t)=0, otkyna
u@)—y®)=0, . e ut)=wy(t).
IMoacraBum U(t) B cucTEeMy COMPSHKEHHBIX YPABHEHMUIA:

dy(t)/dt =ay(t) +y(t),
dy(t)/dt =—y(t) + ay(t) ..

Pemenue stux ABYX ypaBHeHI/Iﬁ C HCIIOJIb30BAHUEM TI'PaHUYHBIX YCJIO-

Buii maet y=y(t), yv=wy(t).
2.2.4. UncjieHHOe pelieHUe 321244 ONTUMAJIBHOIO YIIPaBJICHUA

C HCIOJIb30BAHUEM ITPUHIUIIA MAKCUMYMa

B Tex Clly4dasax, Korga CHUCTEMa CONPSKEHHBIX ypaBHeHI/Iﬁ HC MOXKCT
OBITh peuIeHa aHAJIUTUYCCKH WM aHAJIUTHYICCKOC PCHICHUC NMOJNYYUTh TPYA-
HO, OHA peHIacTCA YUCJICHHO. HpI/IHI/IMaeTCiI, 4qTo

dy; (©)/dt],_, . = (y; (k+2)4t) - y; (kav))/ At (2.69)
i () /lt]_,, = (i (K +D)48) =y (kett) / At (2.70)
Torna nist cucTeMbl ypaBHEHUMN:
dy; (©)/dt],_, . =H(y(®),u®), w(®))/ dwil,_, ,.ik=01..n

B COOTBETCTBHUHU C (2.69) nmeeMm:

Yi((k +At) — y; (kA1) _
At (2.71)
= BH (y (1), u(t), w())/ dwil,_, ,,» 1.k=0L..,n

Otkyna



yi(k+1)Aat) = y; (kat) +
+ AU BH(y (O, W) | k=010 7D

st cuctemMbl ypaBHEHUN
dwi(t)/ dt|t=kAt =—0OH(y(t),u(t),t)/oy;, i,k=1..,n
B cooTBeTCTBUU C (2.70) nMeem
(wi((k +)At) -y (k4)) _
l (2.73)
—OH (Y(®),u(t),t)/8Yif,_, o> 1-k=0L...,n

OTtkyna
Wi ((k +2)41) = ; (kat) -
—At-0oH (y(t),u(t), w(t))/ oy; |t=kAt' i,k=01..,n
Anzopumm pewienusn 3a0a1u ONMUMATBHOZ0 YRPAGTEHUSA YUCTEHHBIM

MeEMmOOOM C UCROIB30GAHUEM RPUHUURA MAKCUMYMA
1. IIpomsBonsro 3anatotest i(0),i=01,...,n unomaraercs yg=—1.

(2.74)

2. VI3 rpannuHbIX yenoBuit Beioupatorest Yi(0),i=01,...,n.

3. Ioncrasmstorest BeIOpanHHBIe o, ¥i(0),yi(0),i=01...,n B dyHK-
o (2.57), T.e. H(y(0),w(0),u(t)), u (2.57) makcummzupyercs. [Ipu 3Tom
noryvatot U(0) = (uy(0),...,u,(0)).

4. Beraucnsitor Y (At), wi(4t),i=1..,n, Te. yij(4t) u y;(4t) npu
k =1 no ypasaenusim (2.72) u (2.73).

5. Haitnenuste 3nauenus Yj(k4t) m yi(k4t), i=1...,n noacraBisioT
B GyHKIMIO (2.57) M ee MAKCUMUBUPYIOT.

ITpu sTom momyuator u(kAt) = (uy(kA4t),...,u, (kAt)) npu k =1. IyHk-
1ol 4 1 5 BemonHsrores 10 K= N, roe N coorBerctByeT yenoButo NAt=t, .

6. TIpoBepSIOT BHITOJHEHHE YCIIOBHIA:

yi(t) = VP (NAY)| < 8;,i=1...,n, (2.75)

NN
N
S (it - yP(Na)? < 4, (2.76)
i=1

rae yip — paccuMTaHHOe 3HaueHue Yj, a Oj U A — Tpedyemas TOYHOCTbH
BBIYUCIICHUHA. ECITH yCITOBYSI ITyHKTA 6 HE BBIMOJIHSIIOTCS, TO 33IaI0TCSI HOBBIC



sHageHust W(0) = (w4(0),...,w,(0)) m mpoucxomut mepexon K MyHKTY 2 s
[IOCJIE/IOBATEILHOTO BBIIOJIHEHHUSI BCEX ITyHKTOB AITOPHTMA.

2.2.5. OcoGenHOCTH pellieHHsl 3124 HA MAKCUMAaJIbHOe
ObIcTpOneiicTBUE

B 3aa4€ Ha MaKCHUMaJIbHOC GLICTpO)IeﬁCTBPIe q)yHKIlI/IOHaJ'I HUMCECT BU:
t
J =j0 dt, 2.77)

T.e. MOJBIHTErpajbHoe Beipakenne F(y(t),u(t),t)=1.
IIpu >ToMm pynuKIusa ['amunsToHa (2.57) mMpUHUMAaET BUJ

H (y(),u(t), w(t)) = yo + anll\lfk (®) fi (y(1),u(®), 1), (2.78)

HUIn
H(y(), u(), w(t) = H(y (), u(®), w(t)) - wo =

. (2.79)
= El\Vk (t) fic (y(1), u(t),t)

Oynkuus (2.79) HaszpiBaeTcss ykopouyeHHOW ¢(yHkuumed ['amuiabToHa.
Pemenne 3amauu BBIIOJHSETCA IO BBIIIENPHUBEIECHHOMY aNTOPUTMY IUIS
yKkopoueHHOW QyHKImuU ["amunbToHa (2.79).

IIpumep pelieHus 3a5auM Ha MaKcUMaJibHoOe ObicTpojaeiicTBue. Pe-

IIaeTcs 3a7a4a nepesosia cucTeMsl u3 coctostHus Yy (0) = yf u y,(0)= yg B

cocrosHue Y (ty )= yi( " Yyo(t) = yg 3a MHHHMAJIEHOE BPEMsL.
MaremaTHyeckoe OIMcaHne mpouecca:

dy,(t)/dt =y, (1), f.(y,(t), y,(t),u(t)) = y:(t) = y,(t),
dy,(®)/dt=u(t), f,(y,(t),y,(t),u()) =y, () =u(t),
-1<u(t) <1

CocraBuM yKopodeHHYI0 (pyHKIu0 ['aMmuibToHa

H =y (1) f(ya (1), y2 (1), u(t)) + w2 (1) f2(y1 (1), y2(0),u(®)) =
= w1 ()Y (1) ++yo U
MakcumuzupyeM  (QyHKIUO ['aMunbTOHAa. YUHTBIBask JIMHEHHOCTh
¢yukiuu H  otHOcuTenpHo U(t), mpu orpanmuyennn —1< u(t) <1, umeem

u” () =Sign(y (1))

COprDKGHHLIC YpaBHCHUA



dyy (t) / dt = —8H (y(t), u(t), w(t)) / dys (t) =0, _
dy o (t)/dt =—0H (y(t), u(t), w(t))/ 8y, (t) = w1 ()
Pemenne 3Tux ypaBHEeHHH fnaeT yq = const =Cy,
\Vz(t) = I\Ul(t) dt + CZ = Clt + C2 .

VuuThiBas JIMHEIHOCTh (GyHKIMH o (t) , IPU ONTHUMAIBHOM YIpPaBICHUH

BO3MOJXKHO JIMIIb OJIHO Tiepekirouenue U(t) mubo ¢ -1 Ha 1, nubo ¢ 1 Ha -1
(puc. 2.2).

Y1)
Ay,

Puc. 2.3. T'paduxu Gyuxumii yo(t) u UM (t)

B cootBerctBuu ¢ U™ (t) = Sign( v, (t)) onTuMambHOE ympaBIeHHE TOXE

TOJIBKO OJJMH pa3 MEHsET 3HaK M MOXKET MepeKIIFo4aThCs co 3HadeHus (-1) Ha
(+1) wmu co 3nauenus (+1) na (-1).

PerieHre cucTeMbl ypaBHEHHI MATEMaTHYECKOrO OMHCAHHsS PacCMOT-
pumIpu U=1 mmpu U=-1.

ITycts U =1, torma dy;(t)/dt=y,(t), dy,(t)/dt=1.
IMomemuM mepBoe ypaBHeHHe Ha Bropoe: dy(t)/dy,(t) =y, (t), wm

dyy(t) = y, (1) - dy,(t) , Torza
Y. = [y, (O)dy, +C, = y; (t)/2+C,.

IMycte U=-1, torma y;(t) = —y%(t)/2+ Cy.
ITycTh KOHEYHOE COCTOSIHHE CHCTEMBI OIPEIEIEHO  YCIOBUAMU
yitk) =0 wu  yo(t)=0. Torma gz t=t u u=1 umeem



y1(te) = y% (t)/2+Cs, C3=0, a ISt u=-1 nMeeM

2
Ya(ty) = y2(t)/2+Cy, C4=0.
TpaekTopur IBUXCHHUS] CUCTEMBI TIPU PA3IHYHBIX HAYAIBHBIX YCIOBHAX
NIpUBEICHbI Ha puc 2.4.

7N
NN

u=1

Puc. 2.4. TpaekTopuu IBIKEHHUS] CUCTEMBI

Crie1oBaTeNbHO, Yepe3 KOHEUHYIO TOUKY MPOXOIAT TPACKTOPHHU JBHIKE-
Hust: mpu U =1 Gyner yy(t) = y%(t)/Z,
ampu U=-1 umeem y(f) = —y% t)y/2.

Yto0s! 13 npon3BonbHON TOUkK Y(t) = (Y, (t), y,(t)) momacTs B KOHeu-

HYI0 TOUYKY IO ONTHUMAJIbHON TPAEKTOPUHU, HYKHO U3 ITOH TOUKH IOUTH IO
TPAacKTOPUHU,  BBIBOASIIEH  CHCTEMY  Ha  JIMHUIO  IEPEKIIOYEHUs

y1(t) = Sign(—y, (1)) - yi t)/2.

HpI/I JOCTHKCHHUU 9TOM JIMHUU 3HAK YHpaBJIAOLIETroO BOSﬂeﬁCTBHﬂ HYX-
HO CMCHHUTH Ha HpOTI/IBOHOJ'IO)KHBII\/’I.
OnTtuManpHOe YiipaBJI€HHUE COOTBETCTBYCT yCJIOBUIO

u” (t) = Sign(y1(t) - Sign(y, (1)) - Y§ (t)/2).



2.2.6. [lpuMeHeHre MPUHIIAIIA MAKCUMYMA ISl pellleHUsI 3aa4u
MAKCHMM3aLMH HHTErPajia 0T (PYHKIMH I10JIEe3HOCTH
€ MCHOJIb30BAHUEM MO eI MaKpoIKoHOMHUKH Cosioy

PaccMorpuMm Mozenb (QyHKIMOHUPOBAHHS SKOHOMUYECKOW CHCTEMBI,
npeanoxeHnyo Conoy. @opmupoBanue (GoHIA HENPOU3BOJICTBEHHOTO IO-
TpeOeHns MoKa3aHo Ha puc. 2.5.

I=p(1-a)X

L I

—p| X=FKL |—e
aX

Puc. 2.5. ®opmupoBanue poHma HETPOU3BOACTBEHHOTO TIOTPEOICHHS

C=(1-p)(1-a)X

3mech L — dncmo 3aHATHIX, X — BajJoOBOW OOIIECTBCHHBIH MPOIYKT
(BOII), | — unBectumn, K — dormsr, C — GOHI HEMPOU3BOACTBEHHOTO ITO-
TpebneHus, V— Tof0BOM TEeMIT PUPOCTa YUCIA 3aHATHIX, 4 — JOJI BBIOBIB-
LIMX 32 FOJi OCHOBHBIX MPOHM3BOJICTBEHHBIX (OHIOB, @ — KOIPGHULIUEHT Mpsi-
MBIX 3aTpaT (ZOJIs IpoMeKyTodHOTro npoxykra B BOII), p — HopMa Hakomie-
Hus (mons BanoBbix nHBecTunnid B BOII).

-1<v<l, O0<p<l, 0<a<l, 0<p<l.

B kaxx7pIii MOMEHT BPEMEHH T'OJI0BO# BBIMTYCK OMpeeisaeTcs GpyHKIUeH
X =F(K,L) . Ota dynkius seisercs dpyukimeir Kob6a-/lyrnaca

F(K,L)=A.-K*. 5%, 0<a<l.
BBeneM oTHOCUTENbHBIE TTOKa3aTenu (Ha OJTHOTO paOOTHUKA)
k=K/L, x=X/L,i=I/L, c=C/L,
Tor/1a
x=F(K,L)/L=f(k), i=pl—a)x, c=(1-p)L—a)x.
Mogens Cosoy UMeeT BH]T
dk /dt =-2Ak +p(l—a)f(k), (2.80)

rae A=p+v, p=const, p=1-c/((1-a)f(k)).



Tenepb C y'-IéTOM BBIpAKCHUA P IMOJy4aeM MOJCIIb COJ'on B BU/JIC
dk /dt = —Ak —c+ (1—a) f (k) . (2.81)

3OTa MOZENb ABIACTCS MOJEIBIO TUHAMHIKH CHCTEMBI.

Ilocmanoeka 3a0auu onmMumManbHozo ynpagnenusn. MakCUMU3POBATh
JVCKOHTHPOBAHHYIO MOJE3HOCTh OT HMOTPEOICHUS 3a AIUTEIbHBIH HHTEPBAI
BpPEMEHH

I =[e"u(c(t)dt— max (2.82)
0
C OTpaHUYICHUSAMU
0< Cin <) < f(K), (2.83)

rae 8 — mapameTp AMcKoHTHpoBaHus, U (t) — QyHKIMS MONe3HOCTH, ya0BIIe-
TBOPSAIOLIAs YCIOBUAM:!

u>0, du/dc>0, d?u/dc? <0,

lim du/dc=o, |jm du/dc=0.
c—>0 c—>o

TunoBast pyHKIMS MONE3HOCTH NPEICTaBICHA Ha PUC. 2.6.

A U(C)

| .
¥ c
Puc. 2.6. ®yHKIMS T0AE3HOCTH

Mouens auHamuku cucrembl 0K /dt = -2k —c(t)+ (1—a) f (k).

PaccMaTpuBaeTcsl pelieHne 9TOM 3aaud ¢ UCIOJIb30BAaHUEM MPHUHIIAIIA
MakCHMyMa.

Anzopumm makcumuzayuu unmezpana GyRKyuu noAe3HOCMu

Or 3a1a4u MaKCUMHU3allUHU UCXOJHOTO (byHK[II/IOHa.Ha nepeifméM K 3a1a4€ MUHH-
MHU3alun:

t
-3 =—[e ®u(ct))dt > min | (2.84)
0 c(t)e



0< Cryip < C(t) < f(K), (2.85)

dk / dt =—xk —c(t) + (1—a) f (k). (2.86)
®opmupyetcs Gyakmms ['amunpToHa

H =—yo (e "u(c(t)) + w1 (t)(—2k — c(t) + (1—a) f (k))e ™" . (2.87)

Ipunumas yg =—1, noryuum
H = et u(c(t)) + wa () (~2k —c+ 1—a) f (k) . (2.88)

Beeném o6o3Hauenue () =yq(t)- e o,

3anuuieM COnpsHKCHHOE YpaBHEHHE
dq /dt =—aH /ok =—(e™" (—y1 O A +yy (@A —a)df (k)/dk)) . (2.89)
PasBepHem 1eBylo dacTh ypaBHeHHS (2.89) c yuérom oOo3HaUe-

uust (t)

e~y (1)/dt + (—8)e Oy (1) = e (yy (A — @—a) f'(K)).  (2.90)

Ypasuenue (2.90) nmpuseneM K BULY
dyy 1)/t = (3+ W)y (0 - (1— ) F'()w (1) (291)

JomonauM ypaBHeHHe (2.91) MaTremMaTH4ecKUM OIMCAHHUEM CHCTe-
Mol (2.86).

Hanee Hy)XHO MakcHMU3UpoBaTh GyHknuio (2.88) mo GyHKIMM yrpas-
nenusi C(t) u pemruts coBMecTHO ypaBHenwus (2.86) u (2.91). YuuteiBas He-

JIMHEHHOCTh BBHIICNIPUBEAEHHBIX YPAaBHEHMH, pellIeHUe I1eJIeco00pa3HO BbI-
TIOJIHATH YHUCJICHHO, UCIIOJb3Y S BbIPAKCHUA:

v (i4t) =y (- at) -

_{\Vl(t)|t=(i_1)m[(1_ a)f '(k)|t=(i—1)At —(A+93)]}- at’
k(iat) =k(( =14t +[A-a) f (k) _i_py 4 =

—>Lk|t=(i lat

(2.92)

(2.93)
—at Clt:(i—l)At
B IIPUBEAEHHOM HIKE TTOCIICOBATEILHOCTH:

1. 3anatotcs ucxoansie 3Hayenus pyakuuii K(0) u y(0) mpu i=1.

2. Onn noacraBisAoTcs B QyHKIHMIO [ 'aMUIBTOHA U OHA MAaKCUMU3H-
pyercst o C . [Ipu aTom Oyzet nonydero 3Hadenue C(0) .

3. TIpu k(0), ¢(0) u y(0) mo BeimenpuBenéHusM hopmysam (2.92)

u (2.93) eraucisitores 3Havenus W(l) u k(1) mpu i=2.



4.  Tlporueaypsl, BHIOJIHEHHBIC B MMyHKTaX 2 ¥ 3, MOBTOPSIOTCS Aanee
JUIs 3HaYeHui i =34,5,...

Pacuér k(i) m (i) npekparmaercst mpu TOCTHXEHHUH YCIOBHA 1AL =ty
WM TIPU TOCTHYKEHUH YCTAHOBHUBIIETOCS COCTOSHHS CHCTEMBI MO MPU3HAKY
|(ki —ki_1)/ ki| < 81, ecii BEpXHHUIl Ipeie HHTerpaia He 3a/IaH.

5.  Beimonmenue rpammanoro yemosus |K(iAt)—k*4O(t,)| <8, mpo-
BepACTCSL.

Eciu oHO He BEIMOJNHAETCS, TO 3a4aloT HoBoe 3HaueHue y(0), ucxon-

Hoe (HadanbHOe) 3HaueHue K(0) u ocymliecTBiseTcs mepexoi K MyHKTY 2.

2.2.7. HekoTopble BAPHAHTHI MOCTAHOBKH M PelIeHUs 3a1a4
ONTUMAIBLHOTO YNIPABJIEHUS

Hiokxe npencraBieHsl paBuiia UCIIOJIb30BAaHHUSI MATEMATHUECKOTO arra-
para NpUHIMIIA MAaKCUMyMa JJIsl PEIIeHHs 33124 ONTUMAIbHOTO YIpaBJICHHs
TPH HEKOTOPBIX YCIOBHAX, OTIIMYHBIX OT YCJIOBHH pACCMOTPEHHBIX BBILLIE.

PaccmarpuBaeTcsi ympaBisieMBlil IPOLIECC, ONMUCHIBAGMBIA CHCTEMOI
muddepeHnnaNbHBIX YpaBHSHUH

dy; )/ dt = f;(Y(t),u()), i=1..n. (2.94)

3aoaua 1. Tpebyercs HaliTH onmTUMaJbHOE yrpasieHue U”(t), mepeBo-
JSIIee TMPOLIECC U3 HAYAIbHOTO COCTOSIHHMS, 3aJAHHOTO HETOJHBIM HA0OpOM

3HAYEHUN EPEMEHHBIX Y (to)

yit9)=y? i=1..n nd<n, (2.95)

B KOHEYHOE COCTOSIHHE, KOTOPOE TAKXKE 33JaHO HETOJIHBIM HabOpoM 3Hade-
HUH nepeMeHHbIX Y (1)) , 32 MUHUMaIbHOE BpeMs

yi(tk)=yik, i=],...,n{‘,nf<n. (2.96)
Cxema pemenusi. CocraBisiercst pynkmus H
Hw (1), Y (1), u(t)] = kz:,l//k ® f. (Y ®),u®) (2.97)

1 3aIIMCBIBACTCSI CHCTEMa ypaBHEHHUH it GyHKmi i (t) :

dy, /dt=06H /oy, =

Zzn:‘//k(t)afk(Y(t),U(t))layi, i=1..n (2.98)



OnTuManbHOE YIPABICHUE IMPH WHTCTPUPOBAHHH CHCTEM YpPaBHCHHIA
(2.94) u (2.98) BeIOMpaeTCs U3 YCIOBHUS

HIw(t), Y(t),u" (0)]= max HIw(t), Y(t),u]. (2.99)
€
Jiist onTuManbHOW TPaeKTOPHUH TIPH 3TOM BBITIOJIHSETCSI COOTHOILICHHE
Hw(t), Y(t),u” (t)]=const>0. (2.100)
IIpu coBMEeCTHOM HHTETPUPOBAHUN CHCTeM ypaBHeHHi (2.94) u (2.98),

B TIpoIlecce KOTOPOTO W3 COOTHOHICHHA (2.99) HaxomWTCs ONTHUMAaIbHOE

ympaBjeHue U™, HeJoCTarouie rpaHUYHbIC YCIOBUS TI0JIy4aroTCs 3ajaHueM
I'PaHUYHBIX 3HAUCHHH I10 CIIEAYIONIEMY MPaBUITY.

Ecmu st gynkumm Y(t), y xotopoit ycnosusmu (2.95) u (2.96) na-
YaibHOE WM KOHEYHOE 3HAaUCHHE MM 00a BMeCTe He (DHKCHPYIOTCS, TO UL
¢yuknun i (t) HavanbHOE WM KOHEYHOE 3HAYCHHE MM 00a BMecTe Ioja-
TaloTCs paBHBIMK Hyr0. [Ipn 3TOM K cucreme nf + nlk TPaHWYHBIX YCIIOBHH

(2.95) m (2.96) s y;(t) nmobGammsercst cucrema 2n—nf—n{‘ TPaHUYHBIX

ycnoBuit 1t pyHkimn i (t)
yilte) =0, i=nd+1..n, (2.101)

yilt)=0, i=nf+1..n. (2.102)

B nampHeimem mpu WHTETPUPOBAaHMH CHUCTEM ypaBHeHHH (2.94) u
(2.98) nonbuparoTcst HauanbHbIC 3HAUCHHS st GyHKIM Y (t)

v, i=nl+1..n, (2.103)

yE, i=nf+1..,n, (2.104)
9TOOBI 00ECTICYUTh BHINONHEHHE YCIoBUH (2.96) u (2.102) mist KoHEYHOTO
COCTOSTHHS TIPOIIECCa.

3adaua 2. Tpebyercs HaliTH onTHMalibHOE ynpaBieHue U™ (t), nepeso-

JsAee mpouecce u3 3aIaHHOTO0 HEKOTOPbIM 06p330M Ha4aJIbHOI'0 COCTOSAHUA B
KOHEYHOEC COCTOAHHUE TaK, 4TOOBI (byHKI_[I/IOHaJ'I

ty
3= [R(Y@,u@)dt (2.105)
to
MPUHEMAJT MUHUMAJIbHOE 3HAYEHHE.

BI)I60p HaydaJIbHbIX YCHOBI/Iﬁ I UHTCTPUPOBAHUA CUCTEM COIIPAKCH-
HBIX ypaBHGHI/Iﬁ OCYHICCTBJIACTCA TaK K€, KaK U B 3aJ1a4c 1, npuieM, ecCiin



KOHCYHOC 3HAYCHUE HE3aBHCHUMOW MEpEeMEHHON t (pUKCHPOBaHO, TO Ha OII-
TUMAJILHOU TPACKTOPHH COOITIOJACTCS YCIIOBHUE

Hwg, w(t), Y(t),u™ (t)]=const > 0. (2.106)

Ecnu xe 3HaueHne 1, He 3amaHO, TO BMECTO HepaBeHCTBa (2.106) BhIOTHS-
eTCsl yCIIOBHUE

Hlwo, w(t), Y(t),u" ()] =0. (2.107)

KOHTpOJIl)Hl)Ie BOIIPOCHI

1 Jlng kakoro xiacca GYHKIMNA TPUMEHUM TPUHIAIT MaKCUMyMa?

2. CdopmynmpoBaTs IPUHINAI MAKCHMYyMa.

3. 3ammcare MaTeMaTHYECKOE OMICAaHHE OOBEKTa YIpaBICHHUS C WC-
M0JIb30BaHNeM (QYHKINH | aMHIbTOHA.

4. TlepeunciuTb 3Tambl OOMIETO aNrOPUTMa PEIICHHS 3aJaddl ONTH-
MaJIBHOI'O YIpaBJICHUA C UCIIOJB30BaAHHUCM IIPHUHIIUIIA MAKCUMYMa.

5. B uem CYIIHOCTH YHCJICHHOI'O aJI'OpUTMa pCIICHUA 3aJa4yu OIITH-
MAJIBHOT'O YIPaBJICHUA C UCIIOJIB30BaAHHUCM IIPUHIIUATL MaKCI/IMyMa?

6. B uewm 3aximouaercsi 0COOCHHOCTH 3aJadll Ha MakCHMaJbHOE Obl-
cTpojeiicTeue?

7. Uem oTnMyaeTcs aJrOpUTM pEIICHMs 3a/a4d C HCIIOJIb30BAaHHUEM
MIPUHIONIIA MaKCUMyMa, €CIIM HadaJbHbIE M KOHEUHBIE YCIIOBUS 3a/laHbl HE Ha
BCE IIEPEMEHHBIE COCTOSHUA?

8. KakoBo copmepxaHume Monenn MakpodKoHOMuKH Conoy M Kak
(dopMynHpyeTcs 3a1a4a ONTHMAIBHOTO YIPABICHHS C HCIOIb30BaHUEM 3TOM
Moznenn?

9. Kakum 00pa3oM OCyHIECTBISETCS MEPeXoJ]l K BCIOMOTATEIBHOM
¢yHkK [aMuibTOHa 171 yueTa AUCKOHTHPOBAHMUS?

10. Kakum ycioBHsSM JOJDKHA OTBeYaTh (YHKIHMS MOJE3HOCTH, HC-
noJjb3yeMasi B 3aJjaue ONTHMAIbHOTO YIPaBJICHUs 3KOHOMHYECKOH CHCTe-
MO#t?

2.3. IlnHamunyeckoe nporpamMmmMmmpoBaHune
B HenpepbiBHOM bopMme. YpaBHeHUe bennvaHa

Pemaercs 3aJa4a ONITUMAJIbHOTO YIIPABJICHUA
t
J = [F(y(®),u(t).tydt > min(max) , (2.108)
0

MareMmaTnieckoe onrcaHue mnpounecca:

dy;/dt = f;(y(x),u(t),t), i=1..,n. (2.109)



I'pannunsbie ycnoBus

yO)=y°,  yt) =y~ (2.110)

OFpaHI/I‘IeHI/Iﬂ Ha yIIpaBJICHUA
UM <u;@<UP™, j=1..r. (2.111)

B ocHOBe TMHAMHYECKOTO NMPOrPaMMHUPOBAHMSA JICKHUT MPUHIIAI OINTH-
MaJIbHOCTH: ONTHMAaNbHAas CTPATETHsl 00JIalaeT TAKUM CBOIMCTBOM, UTO HE3a-
BHCHMO OT TOTO, KAKMM 00pa3oM CHCTEMa MPUIILIA B 3TO COCTOSIHHE, MTOCTIE-
JyIollee pelleHHe MOJKHO OBITh ONTUMAIBHBIM II0 OTHOUIEHUIO K 3TOMY
COCTOSIHHUIO, B KOTOPOE CHCTeMa IpUIlljia B pe3yabTaTe NMpeablIyLIero perie-
Hus. WnmrocTparyst K NpUHIUITY ONTHMAaJIbHOCTH IpuBeAeHa Ha puc. 2.7. B
COOTBETCTBHUH C TIPUHIUIIOM ONTHMAIBHOCTH HY)KHO ONTHMAaJIbHBIM 00pa3oM

HEPEeBECTH CHCTEMY M3 COCTOSHHS Y(T) B KOHEYHOE COCTOSIHHE y(tk) HE

3aBHCHMO OT TOTO, KAKUM 00pa3oM CHCTeMa MPHIIUIA W3 HCXOAHOTO COCTOS-
uus Y(0) B cocrosaue Y(t) .

v A

>

Puc. 2.7. Unmoctpanust K IpUHLKITY ONTUMAaIbHOCTH

MaremMaTnuecku NPUHLIUI ONTUMAJIBHOCTH peaiu3yeTcsl uepe3 Bhlpa-
JKEHUE

min J = min[jr' F(y(t),u(t),t)dt +
u(t) t ut) (2.112)
+ m(ltr; [ F(y(),u(t),t)dt]



Ilycte T — Manas BennunHa. O003HAYNM

Ery (1) = m(ltr)l } F(y(t),u(t), t)dt, (2.113)
&0,y (0) = rr}ltr} } F(y(t),u(t), t)dt. (2.114)
uttJo

Torna
&0,y (0)) = m(itr)l[,f F(y(),u() t)dt+&(t,y(x))].  (2.115)
utt) o

Paznoxxum ¢ynkimio (2.113) B psin Teitnopa 0OTHOCHTENBHO COCTOSIHUS

t=0, y(0)= y0 o crenieHsM Y(t) u t

Sy =2 OyO) + ay, EID, o
= Tl (116

o ., 2@
ot

y=y(0)

IIpumeM, uro At=rt. 3amernm, 4to Ay;(t) =dy;(t)dt-At, wmm
A4yi () = fi(y®.u).1)- at.

C y4eToM MaJOCTH T MOXKHO 3alucaTh

f':(y(t):u(t),t)dt = F(y(0),u(®),t)- at=F(y(0),u(®),t)z - (2.117)
0

Teneps, ¢ yuerom BelpaskeHui (2.115), (2.116) u (2.117), MmoxHO 3amu-
cars!

£0,y"(0) = m(itn)[F(Y(O), u(t), )T +E0,y" (0) +
u

+ iglr -((GE(t, y (1) / 0yi) - fi(y (), u(t). 1))

t=0 + (2 . 118)
y=y(0)

+1- (5t y () /ot)io ]

y=y(0)




Tak kak &(0,y(0)) ne 3aBucut ot U(t), a T comepuTCs BO BCEX CO-

CTaBJSIFOLIMX MPABOM YaCTH 3alMCAHHOIO BBILIC YPAaBHEHUS, TO ypaBHEHHE
(2.118) mpuBOIUTCS K BUIY

— (GE(t, y (1) / otfi—o =T(itr)1[F(y(O),U(t),t)t=o +

y=y(0) y=y(0) . (2119)
+ 2 ((E(t, y(®)/ay;) - fi(y(t),u@®).D)i=0 1]
i=1 y=y(0)

YureM TOT (DakT, 4TO pas3loKEHHE YCIOBHO ONTHUMAIBLHOW BEIMYHHBI
(yHKIMOHaNA, 3aMCAHHOW JUIS YCIOBHOT'O COCTOSIHMS B KaKOW-TO MOMEHT
BpeMeHH (B mpuBeICHHOM ciiydae Y(T) ), MOKHO Pas3iiokuTh B psia Teino-

pa OTHOCHTENBHO ONTHMAIBHOTO COCTOSHHMS CHCTEMbI B MOMEHT BPEMEHH
t—t mpu y*(t), T.c.
—(Og(t, y(t)) /ot = m(if)l[F(y(t), u(t),t) +
u(t

n (2.120)
+ _gl((aﬁ(t, y(®)/oyi)- fi(y(t),u(®),1)]

[TonydueHHOe ypaBHEHUE Ha3bIBaeTcs ypaBHeHHeM bemnmana. OHO sB-
JIA€TCSl YpaBHEHHEM B HaCTHBIX IPOU3BOJAHBIX.

PemenrieM sToro ypaBHeHHs sBIstOTCS (GyHKOMH U™ (t), mocrapisio-
IUe JKCTpeMyM (GYHKUMOHATY, M (QYHKIMH COCTOSHUS cucTeMbl Y™ (t),
OTMCHIBAIOIIIE ONTUMANBHYIO TPACKTOPHUIO JBIDKEHHS CUCTEMBI U3 UCXOTHO-

T'O0 COCTOAHUA yO B KOHCYHOC COCTOSHHUC yk .

2.3.1. AnropuT™M pelnieHus 3a1a4H ONTHMAJIBHOIO YIIPaBJIeHUS
MeTOI0M IMHAMHMYECKOIro MPOrpaMMHpPOBaHHA
B HellpepbIBHOI (hopme

Hnst pemienus ypaBHeHus bemimana, kpome ycioBuid y(0)=y0 "

y(t) = yk , Hy’KHO nMeThb 3HaueHue pynkumn &(t,y(t)) u 3HaYeHus ee mpo-
m3BogHeIx O&(L,y(1))/oy;,i=1...,n, u O&(t,y(t))/ot B omuH U3 rpaHUYHBIX
momenTos Bpemern [ =1 wm t=t, .

3amerum, uto &(t,Y(tc)) =0 1o ompexnenenuro.



B CUITY 3TOI'0O UMECT MECTO TOXKACCTBO

O&(t,y(t))/ oy; t=t, = 0, i=1..,n. (2.121)
y=y(t)

Teneps U3 camoro ypaBHeHus bennmana cnenyer

—OELY (M) /0ty =max(FYO.UM). Dy, - (2122)
y=y(t) U y=y(t)

[lomny4dens! Bce ycnoBus Ui pellieHusl ypaBHeHus bemiMana.

Pewenue ypaBHeHue bemiMaHa BBINOJIHSAETCS M3BECTHBIMM METOLAMH
petieHust cucteM nupepeHINaTbHBIX YPaBHECHHUA B YACTHBIX MPOU3BOTHBIX.
[Tokaxem, uto ypaBHeHUe benmMana MOXKeT ObITh MPUBEACHO K YPaBHEHHUSIM
Diinepa.

3anuiem ypaBHeHUe bennmana B BUie IBYyX BUIOB YpaBHEHUM

IlepBriii BUA

—0&(t,y()) /ot = F(y(t),u*(t),t)+
*Z(@(f(t’y(t»/ayi) A (y(0),u*(0).1)

Bropoii Bua:
OF (y(t),u(t),t) /dujj +

(2.123)

+ En;aa(t,y(t))/ayi RAIYOLION s j=L..r -(2129)
i=1 ouj
YupaBieHus, YHOBJIETBOpsIOUIe ypaBHeHHsIM (2.124), obo3HaumM
u*(t). B ypaBHenuu (2.123) ynpasnenus U (t) yIOBIETBOPSIOT YCIOBHSIM
paBoif yactu ypaBHeHus bemMaHna, BEIpakeHHBIM ypaBHEHUsIMHE (2.123).

Teneps npomuddepennupyem ypapaenue (2.123) mo nepemMeHHBIM CO-
CTOSIHUA Yy U, BBeAd 0003HAUCHUSL

V.= —8§(t, y(t))/ayw k=1..,n,

V, = _11
NOJIYyYHrM:



a(—w)/% =OF (y(t),u*(t),t)/ oy, +
+ S0 YO) 24 12y, 0, 0.0+

(2.125)
+Z(5§(t,y(t))/8yi) - (of (y(®), u™ (1), )/ oy,),
k=1..n
Bripakenue (2.125) nepenuiem B BUIeE
LY (M),
o= oy
- % (GE(t, Y (1)) / ay;) - (ofi (Y (1), u™ (1), 1) / By ) =
i=1 (2.126)

=0F (y(t),u” (t).t)/ dyy +
= Zill@(&i(t, Y (©)/0yi) /9y -fi (Y(t),u™ (1), 1)

3aMeTHM, 4To JeBas 4acTh BeIpakeHUs (2.126) npu U3MeHeHUH TOopsIIKa
nuddepeHIUPOBaHIS €CTh MTOJIHAS MPOU3BOIHASL

ot Y(®) Y(t)) dy;
E( £ gla(ai(t YY) oy ) 0yi -~ = (2.127)

—0(Be(t, Y(1)/ dyi )/ ot

C yuerom Belpaxxenus dy;(t)/dt= f;(Y(t),u(t),t) mpu u(t)=u(t)s
MIOJTHOM npou3BoAHOM (2.127) ypaBHeHue (2.126) npuHUMAaeT BUT

o= =y 1oy, = oF (y0.u° 0.0/ 09, -

(2.128)
- Z(ai(t, Y(t))/0y;)- (8f; (Y (t),u” (t),t)/ Byx)

chonbsly_: B (2.128) ¥ (2.124) MpHBeCHHBIE BBIIE 0GO3HAYEHNS, T0-
sy
i () dt =~y (OF (y(2),u" (1),1)/ D -
- é\ui (0 f (y(),u” (©).)/8Y, (2129)
- k=1..,n,



vo(BF (y(t),u(t),t)/du; +

+ i@ fiyO.u" 0,9/8u}) =0, (2.130)
i=1

[Nony4eHHbIe ypaBHEHHS WACHTHYHBI YpaBHEHUsIM Diiepa B 3a7a4e on-
TUMAaJBHOI'O YIpaBJIeHHs, T.e. ypaBHeHus (2.129) ectp ypaBHeHus Dinepa
(2.51), n ypaBuenus (2.130) ectb ypaBHeHus Jitnepa (2.52).

Takum 06pa3om, IOKa3aHO, YTO KJIACCHYECKOE BAPUALIMOHHOE UCUHCIIE-
HHUe, NPUHIMI MakcuMyMa M ypaBHeHHe beiiMaHa MO3BOJISIOT BBIPa3HTh
YCJIOBUSI dKCTpeMyMa (YHKIMOHala B 3ajade ONTUMAalbHOTO YIPaBIICHHS
UACHTUYHBIMHU YPaBHEHUSIMU.

KoHTposbHbIE BONIPOCHI

1 B uem cyniHOCTh MPHUHITUIIA ONITUMAITBHOCTH?

2. KakuMm MaTeMaTHYeCKHAM BEIpAKEHHUEM PEan3yeTcs MPUHIIHI OTI-
TUMaJbHOCTU?

3. 3amucarb ypaBHenue bemnmana. K kakomy Buny nuddepeHun-
IBHBIX YPaBHEHUI OHO OTHOCUTCS?

4.  Kakue rpaHUuHBIC YCIOBHS HYXXHO MMETh JUIs PELICHUs YypaBHe-
Hus bennmana?

5  Tlowemy ypaBueHnue bemimana, mnomyyenHoe mnpu t=0 wu
Y(t)=Y(0), cmpaBemauBo Al MPOM3BOJNBHOTO 3HaueHHs { M BeKTOpa
Y(t)?

6. KakoBa mocnenoBaTeIbHOCTh pPEMICHUA 3aJaddl ONTHMAIBHOTO
yIpaBJIEHUsI C UCIOJIb30BaHNEM ypaBHeHus1 bemmana?

7.  Kakumy nefCTBHSIMHU MOKa3BIBAIOT CBA3b ypaBHeHHH bermiMana c
NPUHIXIIOM MaKCUMyMa M C KJIACCHYECKUM BapHAI[HOHHBIM MCYHCIICHHEM?



Tema 3. CTATUYECKAA ONTUMN3ALINA

CraTtuueckas ONTUMHU3AIA UMEET MECTO KakK IIPpU PEHICHUH 3aaa4d Qu-
HAMHUYECKOH ONTHMH3AIUN C UCTIOJIF30BAHUEM YHCIICHHBIX MCTOOOB, a TAKXKE
HUMEET CaMOCTOATEIIPHOC HA3HAYCHUE IIPpU PCIICHUU 3a4a4d OITHMU3alun
00BEKTOB U CHCTEM, HAXOOAIIUXCS B CTATUYCCKOM COCTOSIHHH.

3.1. Buabl byHKUMIA

[To KOMMYECTBY IKCTPEMYMOB Pa3IHYarOT YHUMOIAIbHBIC U TOJIUMO-
JaTbHBIC (PYHKITIH.

YHuMoganbHbIe QYHKIMU — 3TO (HYHKIMH, HMEIOIIHNE OJUH SKCTPEMYM.

HomumonansHple GYHKIHK — 3TO (QYHKIUH, HMEIOImue 0ojee OIHOTO
IKCTpEMyMa.

3.2. Buabl aKCTpEMYMOB M HAUIYYLLMX 3HAYEHUI DYHKL MK

JlokanpHbIi ~ MUHMMYM  NOJMMOJAJIbHOW  (QYHKIMM B  TOYKE

i* i* i* ix ix ix
u =(U1 yeees Up ) HUMEET MECTO, €CIIU Q(u' —Auj)>Q(u' )<Q(u' +Auj),

<0.

wm dQ(U')/ du;
i

i*
u -4u

* >0 n dQ(u')/du;
u +AUj

JIoKaTbHBIH MAKCUMyM HONMMOJANBHONH (GyHKIMH B Touke U' mHMeer

MecTo, eciu Q' —auj)<Qu')> QMU' +4uj), Wi

dQ')/duj| . >0, j=1L..r,
u +4u u' —Au;

<0 n dQ(u")/duj
j

rae i=1,...K —9nCcI0 JOKaTbHBIX IKCTPEMYMOB.

Ecmu Qu™n )= max (Q(u'),Q(um),Q(um™)), To mpu U™" umeeT
ax

MecTo cynpemyMm (supQ(u) ).
Cympemym  (supQ(u))  npwm y min HMEeT  MECTO,  eCIu

Qumn) = max aX(Q(U‘ ),Q(u™),Q(um™x)).

i,min,m



Cympemym  (supQ(u)) mpu  um HMEET  MECTO,  €CJH

Qum*)=_max (Q(u"),Q(um),Q(um))

Uudpumym  (infQ(u)) mpm  umn UMEeT  MeCcTo,  eClu
Qum)=_min (Q(u'),Q(u™"),Q(um™)).
i,min,max

Uuapumym  (inf Q(u)) npm U max AMEET  MECTO,  €ClIH

QU™ )=_min (Q(u"),Q(um"),Qum*)).

I,min,max

I'nmobGanbHEIE MHHEMYM B Touke UY9  HMeeT MeCTo, eClid

Q)= min Q™). QU™ ), Qum)) -

minmax,i,i=1.2,..k,

I'moGanpHBIE MakcuMymM B Touke U? mMeeT MecTo, eciH

Q)= max k(Q(ui*),Q(u min ), Q(u ™)) -

min,maxi,i=12,...,

3.3. lNocTaHoBKa 3aga4n cTaTU4eckon onTMMmM3aLum

B maremarnueckoii popMe OCTaHOBKA 3a/1a4M CTATHYECKOI ONTUMH3a-
LMY IPEICTABIIAETCS CIEAYIOIIMMHU BBIPAKEHUSAMU:

Q(X,U) > min (max) (3.1)
Ue

Vi =9i(X,U), i=L1..,n, (3.2)

yi 2y, i=1..k,y <y, i=k+1..,p p<n, (3.3)

UMt <u; <ul™ j=1.r, (3.4)

rae X =(Xq,....Xym) — BEKTOp BHEIIHWX BO3MYLIAIONIMX BO3JICHCTBHI,

U= (U,..,Ur) — BekTop ympapistomux Bosaedctsuit, Y =(Yi,..,Yp) —

BEKTOpP BBIXOJHBIX IE€PEMEHHBIX, yf‘la — 3aJjaHHBIE 3HAYCHUS BBIXOJTHBIX
MIepeMEHHBIX, {2 — 00JacTh JOMYCTUMBIX YIPaBJICHHUH.

Ona Qopmynupyercst ciepyronuM obOpazom: TpeOyeTcs HallTH Takue
3HAYEHHMs yNpaBisonmx Boszueicteuit U™ = (Uy ,...,U") , IPH KOTOPBIX BBI-
MIOJTHSIOTCS TPUBEACHHBIC BHIIIE YCIOBHS, a KPUTEPHH onTUMaidbHOCTH Q

MPUHUMACT MUHHUMAJIbHOC (MaI(CI/IMaJ'ILHoe) 3HA4YCHUC.



3.4. MeToabl cTaTU4eckon onTUMmM3aLum

K MeTomam craTndeckoil ONTUMM3AIUH OTHOCSTCS:
1. Kuaccudeckuit MeTox UCCIeTOBaHHSA QYHKINH HA SKCTPEMYM.

2. Meroapl HETMHEHHOTO IPOTPAMMHUPOBAHHMS:
— YHCIICHHBIE METOJBI PEIICHHUS OJHOMEPHOW 3aJady CTaTHYECKOH OIl-

THMU3AIUH,
— YHCJICHHBIE METOAbI PEIICHUA MHOI'OMepHOﬁ 3a7a4d CTaTHYECKOHN OII-

TUMHU3ALMH.
3. JluHeliHOe MPOTrpaMMHpPOBaHHE.
4. JluHamMHYecKoe NpOorpaMMHUpPOBaHKE B JUCKPETHOH (opme.

3.4.1. Knaccuyeckuii MeTO HccaeoBaHus pyHKIMIA
Ha IKCTPEMYM

3.4.1.1. Knaccuyeckuii MeToa uccjeaoBanust GyHKIUIA oqHOI
nepeMeHHO Ha 3KCTPpeMyM

Heobxo0umbie u 0ocmamounsle ycious IKCmMpemyma GyHKyuu 00-
(3.5)

nout nepemennoii Q=Q(u)
Heob6xoaumoe yciioBue: dQ(u)/du|u* =0 (3.6)

JocraTouHoe ycnoBue:
Ecnu mpu U=uU™ BrepBble B MOPSAAKE BO3pACTaHUS K HMeeT mMecTo

de(u)/duk|u* #0, rme k — uetHoe, T0 (3.5) Umeer axcTpemym. [Ipuuem,
eciau dQ(u)/du|u* >0, o QU)—> min, a ecmu dQ(u)/du|u* <0, 10
Q(u) > max.
Ecnu mpu U=U" BrepBble B HOPSIKE BO3PACTAHUS K HMEET MecTo
d I(Q(u)/duk| ux#0, rme kK — meuernoe, 10 (3.5) He UMeeT IKCTpeMyMa.

IIpumepwl uccredosanus QyHkyuu 0OHOU NEPEMEHHOU Ha IKCMPEMYM.

Ipumep 1. Q= (1—u)3 .

Heobxoaumoe ycnosue sxctpemyma dQ(u)/ du o= 0 maer
31-u*)?(-)=0,u u* =1.
JlocraroyHoe  ycinoBue — dKcrpemyma  d kQ(u)/ duX o 20 naer
d%Q(u)/du?| . =6(-u")=6(1-1)=0, d®Q(u)/du®| . =-6%0,

rae k =3 — HedeTHoe.
Otget: mpu U™ =1 uccnenyemas GyHKIHs HE UMEET IKCTPEMyMa.



Mpumep 2. Q= (1—u)4 .

=0 Iaer

Heo6xoaumoe ycimoBue skcrpemyma  dQ(u)/ du e

dQ(u)/du| . =4(-u*)*(-1)=0,u u* =1.

JlOCTaTOYHOE  YCJIOBHE  DKCTPEMyMa de(u)/ duX g =0 maer
d%Q(u)/du?| . =12(1-u*)*(-1)* =120-1)* =0,
d°Q(u)/du®| . =-24(1-u*)=24(1-1)=0, d*Q(u)/du*| . =+24>0,

rae k =4 — uetHoe.
Otser: ipu U™ =1 nccrexyemas QyHKIHSI UMEET MEHAMYM.

3.4.1.2. OnpenesieHne ONTHMAJILHO T0JITOBEYHOCTH U3IeTUS
AHAJUTHYECKUM METO0M

IIocTanoBka 3agaun

Pemmaercs 3amava ompeneneHUs ONTHMANBHOW IONTOBEYHOCTH (CpoKa
CITy>KOBI) M3AETHSI, YIACTBYIOMIETO B TEXHOJIOTHIECKOM TIPOIIECcCe, MIPH KOTO-
pOM 3aTpathl Ha IDIAHHPYEMOM BPEMEHHOM OTpe3ke 1 IpH HCIONb30BaHUHU
U3/leNus C JOJITroBeUHOCThI0 I’ OylyT MUHUMAJIbHBL

CyMMapHbIe 3aTpaThl:

T-m
CZ(T!TG)=CHO(T6)+ClH(Ta)T_+C1F3(T6)'T'm: (3.7)
5

e C,,(T5) =S1(Tao) + Ko (To —Ta0) — (3.8)
croumocts HUOKP;
Cur(T5) = S2(T50) + Kupg (To = Tp0) + Ko (T5 =T ) (3.9)

CTOUMOCTH CepHP'IHOFO MNpOU3BOACTBA OJAHOI'0 H3ACIUA C HOJIOBEYHOCTHIO
T PE

Ci(Tp)=S3(Tp0) — K15(To —Tp0) — (310)
CTOUMOCTH FOI[OBOﬁ 3KCHHyaTaHI/H/I OOHOIo u3aeciivdg ¢ 10JTroB€YHOCTBHO Ta ,

Tao — BbI6paHHOe 0a30BO€ 3HAUEHHE JOJIIOBEYHOCTH,

S1, Sy, S3— croumoctu cootBerctBeHHO HUOKP, cepuiiHoro nmpou3BoicTBa
OJTHOTO HM3JEJHsA, CTOMMOCTH TOJOBOM SKCIUIyaTal[id OAHOTO H3JECIHUS NpU
nonrosedHocT Ty = T5g, M — 9HUCIIO U3AENHUM.



3amarorcs:
51,52, 83, Kyuo Ka 7. Ko7, Kir9, Tgo, T, M.

Iocne moncranoBku BeipakeHuit (3.8—3.10) B (3.7) ¢ 3amaHHBIME KO3 (-
(bHULIHeHTaMU ¥ 3HAUYCHUAME T U M BoIpakerue (3.7) mpuMeT BU.I:

Cy= (51(Tao)+ K,o(Ts —Tao))+
T-m

+(32(Tao) + Ky7(Ty = Tao) + Ko (Ta —Tao)z) KJr
+(S3(T50) = Ko (T = Tag))- T-m =
=S, (Tao) + Ko (Tg) = K,y (Ta0) + WJF
+ KifTg’T-m _KipTeT-m Ky TAT -m B
T Ty Tp

_ 2KaTaTeol -m | Ky 73T - m .
T T
+S3(T50)T - m— Ky 5TaT - m~+ Ky 3T 50T - m
[Mocne ero mpeoOpazoBaHUs TOTYIUM
Cy =51(Ta0) + Ky T -m+S3(Tpo)T - m+
+Tp0 (=K, o —2KoqT - m+ Ky 5T -m)+
+T5-(K,, + Kol -m— KT -m) + (3.11)
+(Sp(Tpo)T - m—= Ky TaoT - m+ Ky g T20T -m) I T
HeobxonuMmere ycoBus SKCTpeMyMa:
dCy /dTy =0, (3.12)
1501840
%:KW +K, T-m-K,,T-m—-
~1/T?(S,(T.,))T-m— (3.13)
~K,T.,T-m+K, T:T-m)=0,

a

1T (Sy(Tpo)T - m— Ky TooT - m + (3.14)
+ Ko T30T -m) = K,y + Koy T -m— Ky T -m



U3 (3.14) umeem

_— T-m-(S3(Ta0) = KirTp0 + K211T40) (3.15)
. , .
Ko+ KogT-m—=KypoT -m

IlycTs 3anassl:

S, = 20200,
K =70700,
S, =3757.2,
K,, =40.6,
K,, =203,

S, =1015,
K,,., =152.25,

Tao =3,

T =10,

m =50.

[MoxcraBuB 3amaHAbIe 3HaYCHUS B BhIpaxkeHue (3.11), momryanm
Cs =T4(70700+ 203-10-50-152.25-10-50) +
+(3757.2.10-50—40.6-3-10-50+ 203:10-50-9) / Ty +
+3(—70700—2-203-10-50 + 152.25-10-50) +
+ 20200+ 40.6-10-50+1015-10-50 =
=96075-T, + 2731200/ T, + 3(-197575) + 548000,

Cy =96075-T, + 2731200/ T, — 44725.

(3.16)

U3 (3.15) ontumansHOE 3HaYCHHE JOITOBEYHOCTH OYAET paBHO

. \/10~50(3757.2+203~9—40.6-3 \/500-5462.4

@ =\ 70700 (152.25—203)-10-50 _ \ 70700+ 25375 _

2731200
=+/28.427 =5.33
96075

[ToxcraBuM moMydeHHOE 3HAYCHUE B BBIpaxkeHHUe 3aTpar (3.16)
Cy =96075-5.33+ 2731200/5.33— 44725 = 979775 .



3.4.1.3. Kimaccn4ecknii MeTof HccJieioBaHus GyHKIUI MHOTHX
nepeMeHHBIX Ha IKCTPeMyM

HeoOxonnumble W J0CTaToYHBIE YCIOBHS JKCTpeMyMa (yHKIUU He-
CKOJIBKHX II€pPEMEHHBIX

Q=0Q(U) =Q(uy,....ur). 3.17)

Heo6xoaumoe ycnoBue:
0Q(U)/du; u* =0 j=L..r,U" =(u,..,u). (3.18)

HocrarouHoe ycioBue:

Ecmu mpu U =U" Bce nuaronanbabie MUHOPBI MaTpuilsl ['ecce (I)

8°Q(U) 8%*Q(u)

0 Ula Up 0 Ula Uy (3 19)

2?Q(U)  8%Q(u)

ou,du; Ouduy
SIBJISIFOTCS CTPOTO TIOJIOKHUTENBHBIMH, TO QyHKIUS (3.7) UMEeT MUHHUMYM.

Ecmu mpu U =U" HedeTHBIC QWaroHalbHBIE MHHOPH MaTpuIbl (3.9)
CTPOTO OTpULATEINBHBIE, a YETHBIE CTPOTO ITIOJIOKHUTENbHBIE, TO QyHKIWMSA (3.7)
nMeeT MakcuMyM. IToJIOKHTENBHOCTh MM OTPULATENFHOCTh MaTpubl Iecce
COOTBETCTBYET TIOJIOKHUTENFHOCTH WM OTPULATENIbHOCTH KBaJpaTHIHOH (op-
MblI, notydaeMoit pasnoxkenrem Qyukimu Q(U) B psn Teitnopa, comeprkarimii
YeHbl HE BBINIE BTOPOrO MOpsijKa. PasnokeHre MpPOBOAUTCS OTHOCHUTENIHHO
TOYKH, B KOTOPOH BBITIOJIHACTCSI HEOOXOMMOE YCIIOBHE SKCTpeMyMma (3.8).

Ilpumepul uccnedosanusn GynKyuu HeCKOIbKUX NEPEMEHHBIX HA IKC-
mpemym KiaccuuecKkum mMemooom

Hpumep 1. Q=u; + 2u12 +Up + 4u§ +3uqUs .
Heobxonumoe yciioBue SKcTpeMyMa:

8Q(U) /oy,

: =0 pmaer 6Q(U)/0uy;

* « »=1+4u +3u; =0 u
u.u u; Uy

8Q(U)/du,

ur =1+8u, +3u; =0,

I[J'I}I peHIcHus CUCTCMBI ITOJTYYCHHBIX ypaBHeHHﬁ, IPUBEACHHBIX K BUY
4u; +3u; =-1
3u; +8u, =-1,



BocIob3yeMcst popmysnoit Kpamepa

Uf=Al/A, U£=A2/A,

4 -1
rae A= =32-9=23, M= =-8+3=-5,
3 8 -1 8

. 4
U =4y A=-5/23 u 4y =|_

]‘-‘z—4+3=—1, UE =A2/A=—1/23

,Z[OCTaTO‘IHOG YCJIOBUE SKCTPEMYMaA:

8%QU)/dudyy| . . =4, 8°Q(U)/dudu,| . . =3,
Uy \Up up ,U;
8%Q(U)/8un0uy| . . =3, 8°Q(U)/8uy0uUy| . . =8.
up ,Up u; U,
Martpuua (I'):
8°Q(U) 8°Q(V)
0u8u; dudu, _(4 3)
9°QU) %) | \3 8/

Ouy0u; du,ou,

[lepBbiii nuaroHanbHbIH MUHOP paBeH 4 >0, BTOpoi JAnMaroHalbHbIHA
MUHOp paBeH 4:8—-3:3=32-9=23>0
Otser: mpu U; =-5/23, U, =-1/23 wuccnenyemas (GyHKIHUS HMeeT
MUHHAMYM.
Hpumep 2. Q=u; — 2u12 +U, + 4u§ +3WU, .
Heobxoaumoe yciioBue SKCTpeMyMa:

dQ(U)/auy, 0 =0 nmaer 0Q(U)/ou, u =1-4u; +3u, =0mu

8Q(U)/du,

ur =1+8u, +3u; =0,

I[J'I}I peuIicHusA CUCTECMBI ITOJIYYCHHBIX ypaBHCHHP'I, MNPUBCACHHBIX K BUY
—4u; +3u; =-1

3u; +8uy; =-1

Bocnonb3yemcst popmynoii Kpamepa: U = A1/ 4, Uy =4,/ A,



A=l Y- 9= -1 8+3=-5
rac = = — —_ = — y = = —0++ =-0,
8 38 A=l

. -4 - .

U =A/ A=5/41 4 = 5 i'=4+3=7, Uy =Apl A=——T7/41,

JocraToyHoe yCI0BHE SKCTpEMyMa!

0°Q(U)/Bud Y| . . =—4, 8°Q(U)/dusBu,

172

=3l

*
up ,u,

82Q(U)/8u,0u; o =3 82Q(U)/8u,du,
1142

« «=8.
(T
Martpuua (I):

8°Q(U) 8°Q(U)
dudU; OWdu, [—4 3j

8%Q(U) 8%Q(U)
0 u26 Ul 0 u26 U2

| 38

[lepBbiii AuaroHanbHBIl MUHOP paBeH —4 < 0, BTOpOil nuaroHajIbHBINA
MHHOp paBeH —4:8—-3-3=-32-9=-41<0

Otser: npu U =5/41, u; =—7/41 uccnenyemas GpyHKIHUS HE UMEET
JKCTPEMYMA.
3.4.2. AHaniuTHYeCKOe pPellleHe 3212491 HA YCIO0BHBII IKCTpEeMyM

B 3ajgavax craTHYecKoil ONTHMH3ALUK YCJIOBUS MOTYT OBITh JBYX BH-
JI0B: B (hopMe paBEeHCTB U B (DOpMe HEPaBEHCTB.

3.4.2.1. AHajuTHYecKOe pellleHHue 32Ja4i Ha YCJOBHBIH dKCTpeMyM
NIpH YCJIOBUH B (hOpMe PABEHCTB

B sTOM citydae 3a1aua penraercst METOIOM MHOKHTeel Jlarpanxa.
Memoo mnoscumeneii Jlazpanoica
Pemmaercs 3aaua Ha yCIOBHBIH AKCTPEMYM

Q=0Q(U) > min) (3.20)
Uen

IIPU YCJIOBUSIX:

ej(U)=0, j=1..,m, Us=(up,.,u),m<r. (3.21)



B sToMm citydae cocraBnsiercst pyHkums Jlarpamka
m
L(U,A)=Q(U) + Z?»j(pj(U), (3.22)
=1

rae Aj, j=1...m — muOx)uTenu Jlarpamxa.

3aTeM COBMECTHO peuraercsa CucreMa ypaBHeHI/Iﬁ

oL(U,A)/0u; =0, i=1...,r, (3.23)
ej(U)=0,j=1..,m. (3.24)
Ilpumep pewrenus 3a0auu menooom muodxcumenei Jlazpausica
22
Q= u1 + u2 ,
U +Up -1=0.

Oyukuus Jlarpanxa

L=0Q(uy,up) + Ap(ug,up) = ul2 +u§ + AU +up =1,

oL/ou =2u +1=0,
oL/ouy=2u; +1=0
ITycts A#0, Torma Uy =A/2, u, =A/2,

Up=up, -y —Upy+1=0, u =u, =05.

Ilpumep ucnonvzosanun memooa muoxcumeneii Jlazpanica onsa on-
peoenenun onmumanbviozo Hadopa onaz, obecnequsaouiezo MaAKCUMU3A-
UUIO npedesbHoll NOJ1e3HOCHU.

B ocHOBY Teopuu mpenensHON IOIe3HOCTH TIOJI0KEHO BBEACHUE (DYHK-
LIMH IIOJIE3HOCTH B BHJIE 3aBUCUMOCTH €€ OT KOJIMYeCTBa OJiar

U =U(Xy, X2 ,eey X yees X ) - (3.25)

KommgectBo Omara m3mepsercss B (pU3NYECKHX €AMHHUIAX (KWIOTpaM-
Max, JINTpax u T.IL.).

ITone3nocts Oiara HU3MEPSCTCA B CIICHHMAJIbBHO BBCACHHBIX CJIMHUIAX —
IOTHIIAX. OTa eAuHuIa ycioBHas. OHa pasiauyHa A Pa3iuYHbIX JIIOACH,
[Ipennonaraercs, yTo M000H YETOBEK B COCTOSIHUU MPHU3HATH IIOJIE3HOCTH
Kakoro-nmubo kojguuecTBa Ojara 3a eAWHHUIY (FOTMIb) M B 3THX EAMHHUIAX
N3MEpPSTh TOJIE3HOCTh BCEX JPYTHX OJar.

BBeznem nonsTHe npeiesbHOM MMOJIE3HOCTH.

[TycTp naHo HEKOTOPOE KOJIMYECTBO O1ara Xj M ero MoJIe3HOCTH Uj .



Hpe,uenLHaﬂ TOJIE3HOCTE OJ1ara OIPCACIIACTCA KaK

Muj= lim (4uj/Ax)=0u;/0%, (3.26)
Ax;—0
T.e. M Ui €CTb YaCTHas Mponu3BOaHAaA OT (byHKHI/II/I IIOJIE3HOCTH OJj1ara 1o ero
KOJIMYECTBY.
OYHKITUS TTOJIE3HOCTH OT KaXKJoro OJara

Ui =Ui(Xi) (327)
obnamaer CleAyIOMHMMH CBOMCTBaMHU: HempephIBHa, auddepenmupyema,

uj(0)=0, du; /8% >0, d%u; /x> <0.

Ilepen morpebuTeneM BO3HUKAeT 3ajada — ONPEACTHTH Habop Odar,
00ecreynBarOINX HAaHOOJBIIYIO ITOJIE3HOCTE IIPH OTPAHUICHUH 110 OI0JKETY

U = U(Xq, ooy Xj yeers Xy ) = MAX . (3.28)
NpH yCIIOBUU

m

2. Rx =B, (3.29)

i=1

X 20, i=1..,m, (3.30)

rae B, — nena i-ro 6mara, B — Gropker notpebutens. CMBbICT IEpBOro orpa-
HUYEHHUSI COCTOUT B PACXOAOBAHUU JACHET MO 00bEMY, CTPOTO paBHOMY OO[-
xeTy. CMBICII BTOPOTO OIPaHUYEHHsI COCTOUT B TOM, YTO X; Onaro gubo mo-
Kymaetcs, T100 He OKyIaeTcs, HO He MPOJaeTCsl.

CoopmynupoBaHHas 3amada sBISCTCS 3aJadeii Ha YCIOBHBIA JKCTpe-

MYM IIpH YCJIIOBHHU TUIIA PABEHCTBO.
CocraBum ¢pyHkuuio Jlarpamka

m
L=u(Xg,.., Xm) + A(B= D BX). (3.31)
i=1
Benmumunna MHOMXHTEIIS J'Iarpacha HMEET YKOHOMHYECKHH CMBICT Kak npe-

m
JebHas OJIE3HOCTh OCTABIIMXCs JeHer cymmon (B — Y PXj) .
i=1



W3 neobxomumoro ycnoBus skcTpemyma pynkiuu L no X; u A umeem

(OL/0x =8uldx—AP =0

e . (3.32)
OLIO Xy =0U/ Xy — APy =0

m
dL/A=B-Y Px =0
L i=1

PemuB cucremy stux (M+1) ypaBHeHuH, HaiiileM BCe HCKOMBIE IIepe-

MeHHBIE X ..., X"
1 m

[IpuBeneHHyt0 BHIIIE cUCTEMY ypaBHeHHH (3.32) mepenumeM ¢ yIeToM
BBIPAJKEHUH NPEEIbHOM M0JIE3HOCTH:

’M Ul/P]_:;\,

S, _ (3.33)

m
2.Px=B
=

PaccmarpuBas pU; /P kak npenenbHyro 3(QEKTHBHOCTE B CMBICIE
HpeIleJ'ILHOﬁ IMOJIC3HOCTH, HOHy‘IQHHOﬁ OT ¢IAMHHUIBI BJIO)KCHHBIX JCHCI Ha
HOKYIIKY 0Jara Xj, IPUXOJMM K BBIBOAY, YTO IpelenbHas 3((QeKTHBHOCTh
OT TIOKYIIKH moboro Oiara Xi CCTh BCJIWYMHA MOCTOSIHHAA W paBHaAs IIpe-
HCHBHOﬁ TIOJIC3HOCTU OCTAaBIINXCA JACHCT.

ITycte (yHKIMSA MONE3HOCTH HMeeT BUA U= aoxfl ng , yciloBue
PX +Pox, =B, rne ag=112; a8 =0,65; a, =0,47; B=200; P =50;
P,=22.

TpeOyeTcs HATH ONITUMABHBIN HAOOp OJIar M ero MOJIE3HOCTb.

Pemum 3anayy B o0lieM Buje, a 3aTeM IMOJCTABHUM YHCJICHHBIE 3Haue-
HUsI KO3 DUIUEHTOB.

L= aoxlalxi12 +0(B—Px — PoXy).



3anunieM HeoOXOIUMBbIE YCIIOBHS 3KcTpeMyMa (yHKImH L

oL/ ¥ = aoalel_lsz -AR =0,

AL/ ox, = aoazxillsz “L_ap, =0,
B—-PFx —Pyx, =0.
IIpeobpa3yem 3Ty cucremy
aoalel_lsz =R
aoalealij Loap,.

P]_Xl + P2X2 = B

Paznenum nepBoe ypaBHEHHE Ha BTOPOE
(@ /a2)(Xo Ix)=PR/P,.
Otcrona
Xo = (PL/Py)(@z/ag)X; -
I[OHOJ'IHI/IM €Tr0 YpaBHCHUCM
Pix; + PoXo =B
" pCIINM COBMECTHYIO CUCTCMY 3TUX JIBYX ypaBHeHHﬁ:
x; =a; /(g +a,)B/P, x; =a,/(a;+ay)B/P,.

[loxcTaBuB 4YMCICHHBIE 3HAYEeHHSA KO3()(GHUIUEHTOB, MOJIYYHUM ONTH-
MaJbHBIH Habop Onar:

X' =232: X" =382.
1 2
ITone3HocTh onTHMaIEHOTO HabOpa MPH 3TOM COCTABHT:
u* =112.2,32965.382047 363 .

3.4.2.2. AHajuTHYecKOe pellleHHe 32Ja4i Ha YCJOBHBIH 3KCTpeMyM
NPH YCJOBHUSIX THNA HEPABEHCTB



B sTOM ciiyuae 3ajmaua penraercs ¢ MCIoib3oBaHMEM ycioBuii KyHa-
Takkepa.

Yecnoeusa Kyna-Taxkepa

Pemaercst 3aaua BBITYKJIOrO NPOrpaMMUPOBAaHHS HA YCJIOBHBIH JKC-
TpeMyM

Q=0Q(U) > min) (3.34)
UeR

IIPU YCIOBHUSAX:

¢j(U)<0 j=1..m, Us=(ug..,Up), (3.35)

rae Q(U) u ¢ (V) — semykibie nuddepennupyembie GpyHKIum.
B sTom ciryuae cocraBisercs pynkius Jlarpanxa:
m
L(U,») =Q(U)+ Z?»j(pj ), (3.36)
j=1
rue kj, j=1..,m, — mHOXuTeNHN Jlarpamxa.

3areM COBMECTHO PEIIAETCs CHCTEMa YPaBHEHUH U HEPAaBEHCTB!

8L(U,A)/8u; =0,i=1...r, (3.37)
kJ(pJ(U)=O, j=1,...,m, (338)
%20, j=1..,m, (3.39)
0;(U)<0, j=1...m. (3.40)

K onpedenenuro epinyxnocmu pynkyuu
Iycts 0< o <1.
IMpon3BONBHYIO TOYKYy Ha JWHMH ab  MOXHO oOmmcath Kak
a+(b-a)l-a)=0ca+@—o)b, T.e. ipu aa=0 310 Touka b, ampu o =1
—_— 9TO TOYKa a.
B ciyyae nenuHe#HON QyHKIIMY ee 3HaYeHHe B Touke C = od+ (1— ab)

ects Q[aa+ (1—a)b].



Q)

3HayeHNe JUHEHHON (YHKIMH, OPOXOJsmiel yepe3 TOYkd a u b, B
TOYKE & paBHO

Q(c)=Q(a)+(Q(b)-Q(a))(c-a)/(b-a). (3.41)
Q(a)+ (Q(b)-Q(a))[ca+(1-a)p—al/(b-a)=
=Q(a)+(Q(b) - Q@)(l-a) = Q(a) + (1 - )Q(b)

CpaBHUBasi 3Ha4YCHUS] MCXOMHON (YHKUMHM C JHUHEHHOW (yHKIMEH B
TOYKE C, MOYKHO 3aITHCaTh YCIOBHE BBHITYKIOCTH (DYHKIIMY BHU3!
€CJI1 IMEET MECTO

Q(aa+ (1—a)b) <aQ(a) + (1—a)Q(b), (3.43)

TO UCXOAHAs (PYHKUMS BBHINYKJIA BHU3 (JIEKHUT HUKE JIMHEHHOM (QyHKIMHN Ha
otpeske [a,b]).

(3.42)

IIpumepwr pewsenus 3a0auu ¢ ucnoavzoganuem ycrosus Kyna-Takkepa

ITpumep 1. Q = u12+u§ — min ,

Uy, Uy

Up+Uy <1, umm @(up,up)= U +u, —1<0,

L= Q (uy, Up) + A (Ug, Up) = Uf +U3 +A(up +uy —1).

VYcnosust Kyna-Takkepa:

A20, 0L(U,2)/8u; =0, X'o(u;,us)= 0, o(u,uy)< 0, j=12.

Pewenue: oL/ou =2u +A=0, dL/ouy, =2u, +A=0,
A(up+u, =1)=0, uj+u, —1<0.

Iycte A =0, Torma u” =0,u; =0.



Orpannuenue Up +U, —1<0 B Touke U= (u;,U,)=(0,0) BbImONHS-
ercsl, IpudeM uMeeT Mecto U;+Up, —1<0, a Touka U= (u,u,) = (0,0)

JISKUT BHYTPH JIOMYCTUMOMN 00IaCTH, T.€. OTPaHUYEHHE MMACCUBHO.
IIycts A #0, Torma u;+u, —1=0,

2u; =—Z;Takkak A >0, 10 U <O0;
2u, =—1; Tak kak A >0, 10 Uy <O.

B sTOoM citydae He BBITIONIHSETCS yciaoBue Uy +U, —1=0.

IIpumep 2. Q = ulz+u§ — min
up, Uy
Up+Uy 21, mmm @(up,up)= —Uup—u, +1<0,

L=0Q(ug,up)+Ap (U, up) = u12 +u§ +AM—U; —uy +1).

VYcenosus Kyna-Takkepa:
A 20, 0L(U,2)/0uj =0, Ae(u; ,uy )= 0, @(u,up)< 0, j=12.

Pemrenue: oL/ou =2u =1 =0, dL/ouy, =2u, =1 =0,
AM=uUp—up; +1)=0, —u;—u, +1<0.

Iycte A =0, Torma u;+u, —1=0.

Orpannuenue — Uy —Uy, +1<0 BTOouke U; =0,u, =0 He BEIMONHAETCA.
Iycte A #0,Torma Uy =42, u, =12,

T.C. U =Uy, —U;—Ujy +1=0, UI =05, UE =05.

Orpannuenne —U;—U, +1<0 B Touke U= (u;,u,)=(0.5,0.5) akrueHo,
TaK KakK 3Ta TOYKa JIKUT Ha TPAHHUILIC.

KOHTpOJ’lL]—[])Ie BOIIPOCHI

1 Kakoa knaccuduxaiyst GyHKIHA O KOJTUYECTBY SKCTPEMYMOB?

2. KaxoBa xyraccuukanust HauiayqlnX 3HaueHUH GyHKunu?

3. ChopmynrpoBaTh NOCTAHOBKY 33a7a4M CTATHYECKOH ONTHMHU3ALNH.

4. Kakumu ycoBusiMu opMupyeTcst 001acTb JIOIyCTUMBIX YIPABICHUNA?

5. IlepeurcnUTh OCHOBHBIE METOIBI CTATUYECKON ONITUMM3ALIHH.

6. ChopmynupoBaTh HEOOXOIMMOE U JOCTATOYHOE YCIOBUS MHHMUMYyMa
(YHKIHU OIHOM ITepeMeHHOH.

7. ChopMynupoBaTh HEOOXOIUMOE M IOCTATOYHOE YCIOBHS MaKCUMyMa
(yHKINN OHOM ITepeMeHHOH.



8. ChopmynupoBaTh HEOOXOMMOE U JOCTATOYHOE YCIOBUS MUHMUMYyMa
(YHKIMH HECKOJIbKHUX NEPEMEHHBIX.

9. ChopmynupoBaTh HEOOXOAUMOE M JOCTATOYHOE YCIOBHS MaKCUMyMa
(YHKIMH HECKOJIBKHUX NEPEMEHHBIX.

10. Kakoe maTemaTHdecKkoe BEIpaKCHHE MIMEET KBaApaTndHas hopma?

11 Kak ¢opMmynupyeTcs ycIOBHE IOJOXKUTEIBHOCTH KBaJpaTHIHOH
¢bopmbI?

12. Kak ¢opMynupyercs YCIOBHE OTPUIATEIBHOCTH KBaJPaTHIHOH
(bopmbI?

13. B gyem cymHOCTh MeTOna MHOXUTeNeH Jlarpamxka? KakoBa oGmacTp
€ro NpUMEeHeHus?

14. B uwem cymHocts ycnoBuii Kyna-Takkepa? KakoBa oOmacte ux
MIpUMEHEHUs?

15. Kak MaTreMaTH4eCKH ONKCATh MOJIOKEHNE TOYKH, NPUHAJIEKAIIEH
orpesky ab?

16. 3ammcaTh ycOBHS BBITYKIOCTH (QYHKIMU KBEPXY M KHU3Y.

3.4.3. MeToabI HEJIMHEHHOT0 MPOrpaMMHUPOBAHMSA

K HenuHelHOMY NporpaMMHpPOBAHUIO OTHOCATCS 3aJadyd CTaTHYECKOU
ONITHMU3AIMHY, B KOTOPBIX IieNieBast (QYHKIMS FIIM YCIOBHS CBSI3U WM IIEJe-
Bas (DYHKIMSI M YCJIOBHS CBSI3U SIBIIAIOTCS HEIMHEWHBIMH. VI3 MEeTOHOB HElH-
HEWHOTO MPOrpaMMHUPOBAHMS HIXKE OyIyT pacCMOTPEHBI:

1) 4ncieHHBIE METOBI PEIICHHUS OJHOMEPHBIX 3aJa4 CTATHYECKOH OIl-
TUMU3ALHH;

2) YHCIICHHBIE METOMBI PEIICHNST MHOTOMEPHBIX 3a/1ad CTaTHIECKOH OII-
TUMHU3AIUH

3.4.3.1. UncineHHbIe METOABI PellIcHUsSI OJHOMEPHBIX 32124
CTATHYeCKOI ONTHMH3ANUH

B »1OM pazgene 6yayT pacCMOTpPEHBI METO/BI:

1) ckaHMpoBaHUs (C MOCTOSTHHBIM U TIEPEMEHHBIM IIIaroMm);

2) MOJIOBUHHOTO JIENIEHUs] MCXOJHOTO HMHTEpBaja, COJAEPIKAIIero 3KC-
TpEMyM;

3) «30JI0TOT0Y CCUCHHS,

4) ¢ ucronp3oBanueM uncen OubOoHaTTH.

Bo Bcex MeTomax MmouckK dKCTpeMyMa (pyHKIIUH TpOIOIHKASTCS 0 TPH-
OMDKEHUS K SKCTPEMYMY C 3aJaHHOH TOYHOCTBIO € IO BapbHUPYEeMOH Iepe-
MeHHOH. D (EeKTUBHOCTh METOA OLCHUBACTCS YHCIOM OOpameHuH K Iene-
BO# (yHKIMH (ee BBIYHMCICHHUN) B MPOIIECCE MOMCKA SKCTpEMyMa J0 3aaH-
HOW CTETIEHU TOYHOCTH € .

Pemaercs 3anaua

Q(u) > max (min) , as<u<b. (3.44)



Memoo ckanupoeanus ¢ NOCMOAHHBIM ULAZOM
AJTOpuTM MOKCKA

1. 3ajiaeTcst TOYHOCTD € BBIYMCIICHHS ONTHMAIBHOTO 3HAUCHHS U= U™ .
2. Nurepran (b—a) nemmtcs Ha N orpeskos, N> (b—a)/e.

3. B xaxmoit Touke Uj=a+i(b—a)/N,i=01..N Brouncusercs

¢dyukous Q(u;) u BeIOupaercs Q(U™) U3 yCIIOBUSL:
QUY) =maxQ(ui)  wmr Q™) =min Q(u;)

MerTox IpUMEHUM JUTS TIOMCKA KCTPEeMyMa KaK YHHMOJAIBHBIX, TaK H
HOJIUMOJATIBHBIX (DYHKLIUH.
Yucno obpammeHnit K GyHKIIMHA B 3TOM METOZE PaBHO

M =(b—a)/e+1. (3.45)

Memoo ckanuposanus ¢ nepemMeHHbIM Wa2oM
AJITOPUTM TOKCKA

1. 3amaercst TOYHOCTD € BBIYHCICHHS ONTHMAIBHOTO 3HAYCHUS U=~ U~ .
2. UnrepBan (b—a) aenurcst na S otpeskos, S >>(b—a)/e.

3. B kaxno# Touke Ul =a+i(b—a)/S,i=01...,S Beruamucngercsa GpyHk-

st Q(uit) m BeIOHpaeTca Q(UY) u3 ycmoBus:
Qur) =maxQ(ui)  mwm  Qu¥) =minQu}).
Uj Ui

4. HazHayaloT rpaHULIbI HOBOT'O HHTEPBaJa OMCKa & U by u3 ycoBus:

3 =Ug_q, bp=Up,y, Tme Ug_; W Ug,, €cTh 3HAYEHHs, COCEJHHE C

*

ur =ut.

k
Ipu makcumuzannu GyHkoun Q = Q(uU) > max u
u

Q(UE_1) < Q(UE) = QU™ ) > Q(uk 1) -

[pu muauMusanin yakaun Q = Q(u) - min u
u

1 1 * 1
Q(Uk-1) > Q(ui) = Q™) < Q(Uk41) -
5. Ilyskter 2-4 mnoBropsitorcs Juis  uHTepBaoB (b —ay),

(by—ay),..., (b — &)

6. Pacuer 3akanunBaetcs npu ycnosun (bj —a;) <e.



3amMeTHM, 4TO MPU CKAHUPOBAHUH MCXOJHOTO MHTepBaia (b—a) Benu-
ypHa mara cocrasisier 4 = (b—a)/S. IIpu ckaHUPOBAHUH CYXKCHBIX HHTEp-
BaJIOB HanpuMmep, (0; — @;) , BeIMYMHA [1ara COCTABIISCT
A =(b-a)-2'5* =12 ],
a BENTMYHMHA CaMOT0 HHTEepBaja
bj —aj = 2(bj1 —aj41)/S
170031
b; —a; =(b—a)-2'/S".

Yucno obOpamennii M k QpyHKIMH pU JOCTHKEHHH SKCTPEMyMa C 3a-
JIAaHHOM TOYHOCTBIO COCTaBMT IIPH YETHOM S

M=(+1)+(S-2)-j, (3.46)
A mpu HeYeTHOM S
M=(S+1)+(-1)-j. (3.47)

Merto TpMEHHUM AJISI TOMCKA SKCTPEMyMa YHUMOJAIbHBIX (QYHKIHH, a
TaKKe A MOUCKA SKCTPEMyMa IOJIMMOAANBHBIX (YHKIHHA C COOTBETCT-
BYIOIIUM BBIOOPOM MICXOJHOTO YHCIIa HHTEPBAJIOB S .

MeToa NONOBUHHOIO AerneHus

Merto/ IPUMEHUM IS TIOUCKA SKCTPEMYMa YHUMOJaIbHBIX (PYHKLIHUH.
Wmmoctpanuss MeToJa IOJOBHHHOIO JEJNCHUS IIPEACTaBICHA Ha
puc. 3.1.

AQ(u)

Puc. 3.1. ITouck METOIOM ITOJIOBHHHOTO JEIEHUS



Jenenue orpeska rormnojaM HOCUT Ha3BaHUE AMXOTOMHHU. B ocHOBe Me-
TOJa JISKHUT YCJIOBHE, YTO JJIsl YHUMOJAJIBbHBIX (DYHKUIMI Hanmudue JIBYX TO-
YeK C W3BECTHBIMH 3HAUYCHMSMH B HUX (YHKIMU B UCCJIEAYEeMOM HHTEpBale
omnpeeneHusl GYHKIUH AaeT BO3MOXKHOCTH CY3WUThb MHTepBas moucka. [Ipu
9TOM OJHA M3 3THX TOYEK, B KOTOPOH (YHKLIHMS HUMeeT XyAllee 3Ha4yeHHe,
OyIeT OJHOM M3 IpaHUIl CY)KEHHOTO MHTepBaia. [lpyras rpaHuIa COOTBETCT-
ByeT TOW I'paHMYHOW TOYKE MNPEIbIAYNIEro MHTEpBalla, KOTOpas BMeCTe ¢
BBIOpaHHOW T'paHMIEH CYKEHHOIO MHTepBajia COCTaBILIET OTPE3OK, 3aKIIO-
qaromuii B cebe BTOPYIO TOUKY C JIyYIIMM 3HaueHHeM (yHKIWUU. Takum 00-
pa3oM, OZlHa U3 JBYX BBIOPAHHBIX TOYEK BHYTPH MCXOITHOTO MHTEpBaJIa, 3Ha-
4yeHue QYHKIUH B KOTOPOH JIydllle, JOJDKHA OCTaBaThCsl BHYTPH CYKEHHOTO
uHTepBana. B MeTose MOJOBUHHOIO JEJCHWsS] 3TH TOYKH BBIOMpAIOTCS Ha
MaJIOM PACCTOSIHUM OT CEPEAMHBI UCCIEAYEMOro HHTEPBala U COOTBETCTBEH-
HO Ha MaJIOM PacCTOSHUU OJIHa OT JAPYTOM.

AJITOPUTM TONCKA

1. denutcs uatepsan (b—a) momonam, ul =a+(b—a)/2.

2. Buytpum wuHTepBama BHIOMparoTCs ABE TOYKH Ul =ul—-3 ®

ul=ut+8,rge 6=(0.01-0.25)¢.

3. PaccumrsiBatotest Q(Ui) u QU3 ).
4. OnpeneIsioTcs TpaHUIIbl HOBOTO HHTEpBana & M by .

Ecmm Q=0Q(u) > max, to mpu Q(ui)>Q(u}) BeOupacm & =a,
by =ul; mpun Qi) <Q(ul) Beibupaem g =u}, by =b.
Ecmt Q=Q()—>min, 1o Q(ui)>Q(}) sBeibupaem g =ul,

by =b;npu Q)< Q(ul) Boibupaem a; =u}l, by =ul.
5. IIpoBepsieTcst ycinoBue okoH4aHus moucka (b —a;)<e.
6. Jlns xaxmoro HoBoro untepsana (b; —a;) MOBTOPSIOTCS MyHKTHI 1-4

1o BeImostHeHus yenous (b —aj) <e.

KommuectBo oOparieHnii Kk (QYHKIMH AJSL JOCTHXKEHHUSI SKCTpEMyMa C
3aJ]aHHOI TOYHOCTBIO OTPEEIISIETCS U3 YCIOBHS

(b—a)-05) <¢ (3.48)

KakK
M =2j, (3.49)

rJIe j — YHCIO MPOIEAYpP MOJIOBHHHOTO JEJICHUS.



Memoo «30n10moz0» ceuenusn

MCTOH MNpUMCHUM [JId MOHCKA 3KCTPEMYMa YHUMOJAJIbHBIX (byHKIII/Iﬁ.
K «30JIOTOMY» CCUCHHUIO NPHUBOAUT ACJICHUC MCXOJHOI'0 OTPC3Ka ab nHa JABEC
HEpaBHBIC YaCTH aC " cb TaKue, 4TO OTHOMICHUE IIMHBI BCETO OTPE3Ka

K JIJTFHE ero OOJBIION YaCTH PaBHO OTHOIICHUIO JTMHBI €ro OOJBIION YacTh
K JUIMHE MEHbIIEH YacTH, T.€.

ab/ac=ac/cb. (3.50)
B stoMm ciiyuae umeem

ac=(3—5)(b—a)/2~0.62, (3.51)

b =(-1++/5)(b—a)/2~0.38. (3.52)

Ipu neneHnu GoJbInei YacTH, ac, MO CTPATETHU «30JI0TOr0» CEYCHUS
Ha OoJpIuit 0Tpe30K ad ¥ MEHbIINH OTPe30K (C HMMeeT MeCTO PaBeHCTBO
ad =cb . Dro cneayer u3 cooTHOmEHNMH

ab/ac=ac/cb=ac/ad =ad/cd . (3.53)

B ocHOBe MeTOza NEKUT TOT XK€ MPHHIMI BHIOOpA IBYX TOUEK BHYTPH
HCCIIEAYEMOI0 MHTEpBana JJid €ro Cy:KCHHs, YTO U B METOJEC MOJJOBUHHOI'O
JeneHus. B ommdme oT MeTona MOJIOBHHHOTO JEJEHHS Ul BEIOOpA TOUYEK
37€Ch MCIIOJIB3YETCSA CTPATETUA «30JIOTOr0» CCYCHHS IIPU JEJIICHUU BCEro
HCCIIETYyeMOTO OTpe3Ka M INpH JeNIeHHH ero Ooimbineil yactu. [Ipm sTom ot
neBod @ W mpaBodl D rpamun wHTEpBama ab OTKIAABIBAIOT BHYTPH HHTEP-

BaJia OTPE3KH BeNNUMHOM (—1+ \/g)(b —-a)/2.
WnmrocTpanus METo/Ia «30JI0TOT0» CEYEHHs MPEICTABIEHA Ha PHC. 3.2.

Q) A

|0.62(b-ai !
' 1
' 0.38(b-a) ! 0.38(b-
1€ ( fi . ‘. ( a% '

. L
Ull Ulz

v
IS

Puc. 3.2. ITouck METOIOM «30JI0TOI'0» CEUEHHUS



AJIrOpUTM MOUCKA
1. Buayrpu wunrepana (b—a)  BblOuparoTCs  JIBE  TOYKH

W =a+@-V5)0-2)/2 , 1 _p_(3_ Byb-a)/2.

2. Beraucinsiores Q(u%) u Q(u?a_)

3. OnpenensioTes rpaHuIBl &, 1 D, HOBOro MHTEpBAiA.
Ecmm Q=Q(u) » max, to npu Q(U%) > Q(u%) BeIOMpacM a; =a,
b, = u% ; IpH Q(u%) < Q(U%) BBIOMpacM a, = u%, b, =b.

Ecmm Q=Q(u) » min, To mpu Q(u%) > Q(u%) BbIOMpaeM a, = u%,

b, =b; npu Q(u%)SQ(u%) BEIGHpaeM a; =a, b, =u}.

4. TIposepsieTcs yeinoBue okondanus moucka (b, —a,; ) <e.

5. Ecnu ycrnoBue OKOHUaHUS MOUCKA B MyHKTE 4 HE BBIMIOJIHAETCS, HA
unTepBane (0 —a) co cTOpPOHBI, HE CMEXKHOIl C MEHBIIUM OTPE3KOM, OT
TPaHMYHON TOYKH OTKIIAIBIBACTCS [UTHHA MEHBIIETO OTPE3Ka.

6. IIpoBoUTCS IIEpEHYMEPALIUST TOUEK:

— GmpKaias K ICBOW rpaHuMIle ToUKa 0003HadaeTcst U? ;

— OiKaiiinas K IpaBoi rpaHuLe Touka 0003HaYaeTcs U2 .

7. Ans xaxaoro HoBoro uHTepBana (bj —a;) MOBTOPSIOTCS MyHKTHI 2—6

1o BbImosHeHus yenosus (bj —aj) <e.

KomnuectBo oOpammiennii kK (GyHKIMH AL JOCTHXKEHHUS SKCTpEMyMa C
3aJaHHOH TOYHOCTBIO OTPENEISETCS U3 YCIOBHSA

(b—a)-(3-+5)/2) <¢ (3.54)

KaK

M=j+1, (3.55)

[I€ | — YMCIIO MPOLEAYP CYXKSHHS HHTEPBala METOAOM «30JI0TOT0Y CEUCHHS.

Memoo c ucnonwvzoeanuem uucen Puoonauuu

MeTox mpuUMeHNM JUTS IOUCKA 3KCTPEMyMa YHUMOJAIBHBIX (PYHKITHIA.

B ocHOoBe MeToma JeXHT (OPMHPOBAHWE IIATOB MPOIIOPIHOHAIBHO
ypciiaM OuboHayyu.

Psn uncen ®uboHauyn mpencTaBisieT co0Oi MOCIeN0BATENBHOCTh YU-
celn

Fo=1, F=1, Fi=Fa+F.,i=23.. (3.56)



WnmrocTpariyst METoa ¢ MCIoib30BaHueM yucen OuboHaYun mpej-
craBjeHa Ha puc. 3.3.

Q(u) A

[}
“m@ .
Puc. 3.3. ITouck ¢ ucnoip3oBanueM yucesn PudoHauyn

AJITOpUTM MOMCKA
1. Ompenensiercs uucio N, N=(b—a)/e.
2. B pany uncen ®ubonauun Haxomiat Foi < N<F;, rme Fo =F; =1,
Fi=Fia+Fie2, 1=23,...
3. Brruucnsercs
A=(b-a)/F. (3.57)
4. Beimonusercs 1-i mar:
u =a+AF, (3.58)
u Beraucnsercs Q =Q(uy) .
5. Bommonusercs 2-i war:
u.=a+AF.. (3.59)
u Beraucnsercs Q = Q(uz).

6. JlanpHelmme maru:
U.a = U Esign(u, —u,)-sign(Q(u) —Q(UL))AF..,,  (3.60)

rge Uy — 3HaueHue U, IPU KOTOPOM JIOCTUTHYTO HauiIydllee 3HaueHHe
¢GbyHKIHN.



3uak mwioc (+) craButcs B 3amade Q = Q(U) > max, 3uak munyc (-)
craBuTes B 3aqaue Q = Q(u) — min .
Ha xaxnowm mrare Beramcisiercs Gyukums Q(U) . Tlouck 3akaHumBaeTcs

roce ucnonb3oBanus yucina @udonauun Fo, T.e. korga OyayT ucuepraHbl

Bce yncna Pudonavun ot F,, no Fo.

KonnuectBo oOpamennii kK (GyHKIMH AL JOCTIKECHUS 3KCTpEMyMa C
3aJaHHOH TOYHOCTBIO OMPENEISIETCS U3 YCIOBHSA

M =S8, (3.61)

rae S — uHAeKc Ommxaiimero ynciaa OuOOHAYYH, YAOBIECTBOPSIOIIETO YCIO-
BHIO

(b-a)/e<F;. (3.62)

U3 MCTOJOB IMOJJOBHHHOI'O OCJICHUA, «30JI0TOro» CCUCHUA M C HUCIIOJIb-
30BaHueM yucena OuboHauun HOCJ'IC,I[HI/II\/’I SIBJIsICTCS HanboJiee 3(1)(1)CKTI/IBHLIM.
MeTO,I[ «30JIOTOr0» CCUYCHUA YCTYNACT MYy IO 3(1)(1)€KTI/IBHOCTI/I HC3HaA4Y -
TCIIBHO.

KOHTpOJ’[LHLIe BOIIPOCHI

1. B yem cymHOCTh MeTOZa CKAHUPOBAHUS C MMOCTOSIHHBIM 11arom?

2. B deMm cymHOCTh MeTOAAa CKAaHUPOBAHUS C MEPEMEHHBIM IIarom?
O6mnactp ero npuMmeHeHus. OueHka 3(pPEeKTUBHOCTH.

3. B yeM CymIHOCTh METOJa MOJIOBHHHOTO neneHusi? OOmacth ero
npuMeHeHns. Ouenka 3¢ ekTuBHOCTH.

4. B d4eM CyIIHOCTb METO/a «30J0TOro» cedeHus? OOmacTp ero npu-
MeHeHns. Ouenka 3¢ dekTuBHOCTH.

5. Yro o0mero B MeToax ITOJOBUHHOTO JIEJIEHUS U «30JIOTOI0» ceve-
Hus? B yem ux paznuuue?

6. B uem cymHOCTH MeTOJa ¢ WCIONB30BaHHeM uncen dubonaqumn?
Oo6mnactpb ero npuMmeHenusi. OueHka 3(pQeKTHBHOCTH.

7. Uto 0o01Iero B MeTOAaX «30JI0TOr0» CEUYEHHUS M C HCIIOJIb30BaHHEM
gucen @uboHauun? B uem ux paznuune?

3.4.3.2. UncneHHble MeTOABI pellleHUs MHOTOMEPHBIX 32124
CTATHYECKOI ONTHMH3ALUH

Pemraercs 3agaua
QUi,.,ur)=Qu) > mgx(min) (3.63)

u™ <y <u™X =1 (3.64)



Oynknus 1Byx nepeMensbix Q(Ui1,U,) mpencrabieHa Ha puc. 3.4.

. . A
Quyuz) |

uy

Puc. 3.4. IsymepHas pyHKIUSA

JUTs WIUTIOCTpAIiK METO/OB IIOMCKa PAacCMATPUBAIOT (YHKIHIO ABYX
nepemenHbix Q=Q(U:,U2) B BHIE NPOEKIMU CeueHHs €€ MOBEPXHOCTH

IUTIOCKOCTSIMH, TapaJUIeIbHBIMH OCHOBaHMIO. B 3ToM ciywae ¢QyHKums
Q=0Q(u1,uz) mpencraBmsieTcs B BHAE JMHHN ypoBHsA. Bo BCex TOUKax,

HAaXOJSIIMXCS Ha OOHOM JNUHUK ypoBHs, QyHkummst Q=Q(Ui,U2) wumeer

OJIHO U TO K€ 3HAYCHHE.
®DopMHpOoBaHUe JUHUHN YPOBHS NMPeICTaBICHO Ha puc. 3.5.

Q(us,u)

= 4

Puc. 3.5. ®opmupoBaHne THHAKA YPOBHS MHOTOMEPHOH (yHKINN



W3 4YuciieHHBIX METOJIOB PEIICHUS MHOTOMEPHBIX 3a/1ad CTATHYCCKON
ONTUMU3AINK HUXKE PAacCMaTPHUBAIOTCS MeTodbl: ['aycca-3elinens, rpaagucH-
Ta, HAUCKOPEHIIEero ciycka (MoabpemMa), CIIy4aiHOro MOUCKA.

Memoo I'aycca-3eidens

CyIIHOCTh METO/Ia 3aKIIF0YACTCS B CICAYIOIIEM.

W3 BHIOpaHHON TOYKH MOWCKA ABHKEHHE OCYHICCTBISICTCS] B HAIMpaBJie-
HUHM BBHIOpaHHOI KOOpAMHATHOH ocH (puc.3.6.) 10 3HaYCHHS BapbHPYeMOH
MePEeMEHHOM, MpPU KOTOPOM CKOPOCTh M3MEHEeHWs] (YHKIHMU oOpalnaetcs: B
HOJb (VUM JAOCTHTAaeT OYEHb MAJOTO Hamepén 3aJaHHOTO 3HAYeHHs). 3aTeM
JIBIDKCHUE OCYILECTBISIETCS M0 JPYrod MEepeMEHHOW 10 AOCTHXKEHHS yKa-
3aHHOTO BBIIIE YCJIOBUs. BhIOOp MepeMeHHO#, 0 KOTOPO HY>KHO OCYIIEeCT-
BISITh IBU)KCHUE, BBITIONHSACTCS B PaHEEC YCTAHOBJICHHOMN TOCIEIOBATCIBHO-
CTH WIH TIO TOH MEPEeMEHHOM, CKOPOCTh M3MEHCHHS (PYHKIUHU IO KOTOPOU
MakcuMalibHasl (B 3TOM ciydac Momudukanus merona ['aycca-3eraens Ho-
CHUT Ha3BaHUE METOJIA PellaKCaIlHii).

U

0

Puc. 3.6. ITouck Metonom I'aycca-3eitnens

AJITOpUTM NOUCKA (3a1aHbI 3HaYCHUS Oj, A):

1. Beibupaercst ncxopuas Touka nmoucka Ul =(ui,...,ul) u BeruHCIACT-
— 1

c1 Q=0Q(u").
2. U3 Touku U! OCYIIECTBIsICTCS ABMKCHHE IO mepeMeHHoi U}l ¢ ma-

roMm h; .
u2 =ul % h; (sign(4Q) /(Aul)\uzul) (3.65)

JI0 BBIIIOJTHEHHUS YCIIOBUS ‘AQ/Aul‘ <39:.

3Hak mioc (+) IPUHIMAETCS B 3a/1a4e MAKCHMHU3AINH, & 3HAK MHHYC (-)
MPUHAMAETCS B 3a]1a4e MuHIMu3armu Gy Q(U) .



3. TIyHKT 2 TOBTOPSIETCS W3 MOJYYCHHON TOYKH JJIS TIEPEMEHHOH U .

AHaJIIOTUYHO OCYHIECTBJIACTCA ABUKCHUC 110 BCEM OCTABIINUMCS IIEPEMEHHBIM
Uz,Us,...,Ur.

4. IIpoBepsieTcs BHIIIOIHEHNE YCIOBHUS OKOHUAHHS TIOMCKa

r
;(AQ/Aui)2 <Aa. (3.66)
5. B ciydae HEBBHITIONHEHUS IYHKTA 4 TTOBTOPSIOTCS MYHKTH 1-4, TIpu-
HHUMas 32 UCXOIHYIO TOUKY ITONCKA Ty, B KOTOPYIO MPHUIIUIN B ITyHKTE 4.
Henocratkom MeTona ABIsieTCS BO3MOYKHOCTh OCTAHOBUTHCS BIAIH OT
9KCTpEMyMa B ClIydae BBITAHYTHIX JMHUI ypOBHS HE B HAaIlpaBICHUH KOOp-
JUHATHBIX OCEH.
Merto MpUMEHNM IS TIOMCKA SKCTPEMYMa YHUMOIAIIBHBIX (DYHKIIHH.
Memoo zpaduenma

I'paguent ¢pyukuu Q(U)
Grad Q) = £ K 22|, (367)
= i

rae K — Bekrtop, onpeensiomuii HapaBaeHue o | -if KoOpAUHATHOIT OCH.
Monyns rpagueHTa

2
' [ 0Q(u
(GradQ(u)|y| = zl %L, . (3.68)
1= |
Hamnpasnenue rpaguenra
oQ(u)/ou;
cosa,—=L|u, j=1..r. (3.69)
|Grad Q(u)|

I'panuent obxamaeT TeM CBOMCTBOM, YTO B €r0 HANpaBlIeHUH (QYHKIHS
Q=Q(uz,..,Ur) u3mensiercs ¢ HanboJbIIEH CKOPOCTHIO. I'paduuecku 31o-

My COOTBETCTBYET HAIPABIICHUE MEPNEHAMKYJSAPA, NPOBEAEHHOIO K Kaca-
TENBHOW JJIs IMHUYM YPOBHS B BBIOpaHHOH Touke. CYITHOCTh METO/A 3aKIIIO-
4aeTcs B TOM, YTO U3 BHIOPAHHOI TOYKH OIIPENeNsIeTCs HalpaBICHUE TpaIu-
€HTa W B 3TOM HAIPaBIICHHH BBITIONHACTCS paboumii mar. CpaBHHBAIOTCS
3HA4YCHUS (PYHKINH, BEIYUCICHHBIC B IPEABIAYIICH U MOCIEe YOS TOUKaX.

Ecnu 3Hadenue GpyHKIMM yIydIIAiIoCh, TO U3 MOJTYYEHHONH TOUKH OIpe-
JIeIsIeTCs HalpaBJIeHUe I'paJMeHTa M MOUCK Ipojoipkaercd. Ecnu 3HaueHue
(GYHKIMU HE YAYYIIWIOCh, TO BO3BPAIIAIOTCSA B MPEIBIAYIIYIO TOYKY U W3
He€ MOBTOPSAIOT B HAIPABJIEHUU IPaJUEHTa IIar C yMEHbIIEHHOW BEJIMYUHOMN.
IIIar B HampaBlIeHWU TPagUEHTa MOXET (POPMHUPOBATHCS PA3TUIHBIMHU CIIO-
cobamu. Hanbomnee pacnpocTpaHEHHBIM CIIOCOOOM SIBIIsIETCST (YOPMUpPOBAHKE



miara MpOIMOPIMOHANEHO MOIYJIO TpajueHTa. B 3TOM ciyuae BIOMpaeTcs
0a3zoBoe 3HaueHue mara ho . PaGouuii mar, TpoNOPUHOHAIBHEIM B BEIOpaH-

2
uk !

pasen h, =hg |Grad Qu)« | . TIpoekmust 3TOTO 11ara Ha KOOPJWHATHYIO OCh

r
Hoit Touke UK MOJYJIO TpaaueHTa ‘G rad Q(u)|u k ‘ = Z(—a § LEU)
i

OIIPEACIACTCS BbIPAKCHUEM

Auj =hycosaj =ho|Grad Qu)| .«

8Q(u)/au;
"Grad Q(uy| I ‘

(3.70)
= ho -6Q(u)/6u,—‘uk

IIpu3HaKOM OKOHYAHUS MOMUCKA SIBIISETCS AOCTHKEHUE MOIYJIEM Tpaau-
€HTa Halepén 3aJlaHHOM Maylod BenuuuHbl. MunrocTpanus noucka METOLOM
rpajueHTa n300pakeHa Ha puc. 3.7.

uf

Uz

Puc. 3.7. Tlouck MeTo1oM rpajiueHTa

AJIropuTM MouckKa (3a1ano A)

1. Boibupaercs ucxoaHas Touka noucka ul = (ui,...,ut).

2. Beruncnsiercst

‘Grad Q). |=

iM

(8Q(u)| \?
(6ui ul] . (3.71)

3. [IpoBepsieTcs BHIMOTHEHNUE YCIOBUS OKOHYAHHUSI IOUCKA

GradQ(uk) < 4. (3.72)

4. Ecin YCJIOBUE€ OKOHYAHHWS IMOMCKA BBITIOJIHEHO, TO ITIOMCK OKOHYCH.



5. Ecin YCJI0OBUEC OKOHYAHHUA IMOMCKA HE BBINNOJIHCHO, TO BBIMIOJHACTCH

mar Uf =uk £hy -cosaj B HampaBieHHH IpaJHeHTa, Iae 3HAK Ioc (+)

st 3agaun Q(U) — max , 3Hak munHyc (-) s 3agaun Q(U) — min
u u

coscti | = AQ(U)/ Auy/ ¥ (AQ(U)/ Au;)?
j=1

Joi=lor. (373

Ecmu hk =ho|GradQ(uk)|, o uf* =u* +ho (AQ(u)/ Au;)

uk ?

rae ho — 6a30Boe 3HayeHHUeE 1Iara.

CpaBnuBarotcs 3HaueHus Gynkiuuin Q(Uk) u Q(uk+).

Ecin g Q(U) > max  Bemosssercss Q(Uk) > Q(uk) wmmu s
u

Q(u) » min Bemonusgercs Q(UX*) < Q(Uk), TO MyHKTHI 2—6 MOBTOPSIOTCS
u

JO BBIITOJIHCHUA YCJIOBUS OKOHYAHUS MTONCKA B ITYHKTE 3.

Ecin gt Q(u) &> max wmmeer mecto HepaBeHcTBo Q(Uk+) < Q(uk)
u
wm it Q(U) &> min mmeeT Mecto HepaBeHcTBO Q(UK+H) > Q(uk), To BO3-
u

BPALIAIOTCS B TOYKY U= UX , ymeHbIIafor mar o u mepexomsT K MyHKTY 5.

Merton nmpuMEHNM UIS TIONCKA SKCTPEMYMa YHUMOIAIbHBIX (QYHKIIHH.

Memoo nauckopeiiwiezo cnycka (noovema)

Wnmroctpanys IOMCKa METOJOM HAMCKOPEHIIero ciycka u3o0paxeHa
Ha puc. 3.8.

w/\

Puc. 3.8. [Torck MeTo0M HanCKOpEHIIero crrycka



ITouck MCTOOOM Hancxopeﬁmero CITyCKa OTJIM4a€TCsd OT METOJa Irpaau-

€HTa TeM, YTO JBW)KEHHE M3 BBHIOpaHHOI TOUkM UX B HampaBiieHHMH N Tpa-
JVICHTA PON3BOANUTCS IO BHITIOIHEHHS YCIOBHS

| Q)

z|6Q(u) <o i=1r. (3.74)
| AU

uk | ou; |

3aMeTuM, 4TO OCTAaHOBKAa JIBI)KCHHS B BHIODAHHOM HAaIlpaBJICHHH 10
JOCTIDKEHHSI YKa3aHHOTO YCJIOBHUS OCYIIECTBISIETCSA Tak kK€, KaKk B METOHe
I'aycca-3eiinens.

MeTo/ IPUMEHUM IS TOUCKA SKCTPEMYMa YHUMOJAaIbHBIX (DYHKIUH.

Memoo osuscenun no ony ospaza

Wnroctpanys moucka METOOM JIBIKEHHMS 110 JAHY OBpara m300paxxeHa
Ha puc. 3.9.

u/

u3

U,
Puc. 3.9. [Touck MeTOI0M IBUXKEHHUSI 110 JIHY OBpara

OBparu (npy MUHMMH3AIUH (QYHKIHUNA) WIK XpeOThl (IpH MaKCUMM3a-
IUH (QYHKIMH) UMEIOT MECTO B TeX CIIy4yasX, KOTAa CKOPOCTH W3MEHEHHUS
(GYHKIMM 1O Pa3IM4HbIM IEPEMEHHbIM CHJBHO OTJIMYAIOTCS, T.€. OTIMYHE
YYBCTBUTEIHHOCTH (DYHKIMH K Pa3IHYHBIM EepEMEHHBIM BeJHKO. CyIIHOCTh
METO/Ia 3aKJI0YaeTcsl B TOM, YTO CITyCKAlOTCS Ha JTHO OBpara M 4Yepe3 JiBe
OmmKalIye TOYKH, JIeXaIlue Ha JHE OBpara, MpOBOAAT HAIPABJIEHHE, IO
KOTOPOMY BHINOJHsIETCS pabounii mar. M3 moirydeHHOW TOYKH CITyCKaroTcs
Ha JHO oBpara. CpaBHHMBAIOT 3HaueHHE (PYHKIMHM M3 TIPEAbIIyIIeH TOYKH,
Jealiel Ha JIHe OBpara, co 3HaueHHeM (YHKIMHU B IOCIEIHEH TOdYKe, Je-
Kamiel Ha JqHe oBpara. Ecnu 3HaueHMe (QyHKIMM YIy4IIHIOCH, TO OIHCAH-



HYIO BBIIIC MPOUECAYPY MOBTOPSANOT, BBOJAA B PACCMOTPCHHUC IMOCJICAHIOIO TOUKY
Ha OHC OoBpara. Ecnu 3nauenune (byHKIII/II/I HC YIIy4YlINWJIOCh, TO HOBTOPAIOT LIar €
yMeHLHIeHHOﬁ BEJIMYMHOM. HpI/ISHaKOM OKOHYaHHA IIOUCKA ABJIACTCA JOCTHIKC-
HHC BCIIMUYUHBI pa60qer O Imara Har[epéa 3aIaHHOI'O MAaJIOTO 3HAYCHUA.

A.J'Il"OpPITM IMOHuCKa

1. 3amanue hmn |

2. Beibop ucxomHoit Touku moncka Ul = (ui,..,ul) u cmyck u3 Hee B

nanpasinenun GradQ(u!) Ha aHO oBpara B TOUKy U2 .

3. CMenieHne U3 TOYKH U' B TOUKY U° Ha HEOOJBIIOE PACCTOSHUE Op-
TOroHaIbHO HampaBieHuto GradQ(u!) u coyck M3 Hee B HalpaBJICHUH
GradQ(u?) Ha mHO oBpara B TOUKY U*4 .

4. CpaBHenue 3HaueHuil ¢pynxuumii Q(U?2) u Q(u“) B Toukax U2 H
u“, nexaiux Ha JHE OBpara.

5. Ecmn gt Q(U) > max mmeer mecto Q(U4)2Q(U?2) wmm mis
u
Q(u) » min umeer mecro Q(U*)<Q(U?), TO B HaNpaBICHHH OT TOYKH
u

U2 k Touke U* ®3 TOYKH U* BhIMONHsETCS pabounit mar h u mepexon B
TOUYKy US , Jexalmryro Ha CKIIOHE oBpara (xpeora).

6. Cryck Ha THO oBpara M3 TOYkH U° B TOYKy US.
Bce Toukw, nexariue Ha JHE OBpara, HMEIOT YeTHbIe MHAEKCH U 000-

3HavaroTes U2 | i=0,12,.. Bce Touky, aexaiiue Ha CKIOHE oBpara (xpeo-
Ta), IMEIOT HEYETHBIE MHAEKCHI M 0003HavaroTess U3 i=012,...

7. CpaBHeHHE 3HAYCHUH (YHKIHIA B COCENHHX TOYKax U2 p U2
JIe)KAIIMX Ha JHE OBpara.

8. Ecim ama Q(U) = max mmeer mecto Q(U 22D ) > Q(U2+21) mmm
u
ms Q(u) = min umeer mecto Q(UZ¥*) < Q(U2+2 ), To B HampaBieHUH
u

or U2 x u*2) y3 toukn U2 ppmonnsercs pa6ouuit mar h u ne-

3+2(i+1)

pPeXoJ B TOUKY U , IeXKaIyro Ha CKJIOHe oBpara (xpe0Ta).



9. Ecmm pgns  Q(u) > max (wmm  Q(u) > min) wumeer Mecto
u u

Q(u??+)) < Q(u?21) (cootserctBerHO Q(UZ2H))>Q(U22)), TO BHI-

TOJTHSIETCS BO3BpAT B TOYKY U3 u yMmeHblneHue pabodero mara N, Ha-
HpUMep, BIBOE.

10. IpoBepsieTcs BoIMONHEHKE yciaoBust h < hmin
11. Ecin ycnoBue OKOHYaHHUS MOMCKA BBINOJHEHO, TO 32 ONTHMAaIbHOE

3HaueHue U™ mpuHHMaercs U223,
12. Ecnu ycnoBrue OKOHYAHHS TTOMCKA HE BBIOIHEHO, TO OCYILECTBIIS-

eTCsl IBMDKEHHE M3 TOYKH U221 ¢ MOJy4eHHBIM IIaroM IO HaNpaBJICHUIO OT

uz-) g y2+2 y mepexon B Touky U3*? | a U3 Hee CIyCK HA JHO OBpara B

TOUKY u2+2(i+l) .

13. Ilepexon K myHKTY 7.

Pewenue 3a0au onmumu3zauyuu Ha ycio@HBLIL IKCHPEMYM MeEMOOOM
wmpaghnvix yynxyui

Kak u B aHanuTH4eckoM MeTofe, 34ech OyIyT pacCMOTPEHBI YCIOBHS
TUIIA PABEHCTBA U YCIIOBUA THIIa HEPABEHCTRA.

Pewenue 3a0ay onmumuzayuu npu ycioeuu muna pageHcmea

Pemraercsa 3agaua

Q(u) = (Ug,...ur) > muax(min) , (3.75)
@j(Uy,...,ur)=0,j=1..,m. (3.76)
®dopmupyertes mrpadHas GyHKIUS
QU)=Q(u)taH (), (3.77)
rie
HU) = Y02 (), (3.78)
=1

o>0 — OoiplIOe 4YMCIO, MPU KOTOPOM, 32 HCKIIIOYEHHEM MAJlOW & -
OKpecTHOCTH oKoso rpanui @ j(U) =0, j=1..,M, 1OWKHO BHINOIHATHCS

ycIioBHe

Q(u) /8 uj| <<|o-BH (U)/du;, i =1,....1]. (3.79)



3uak mioc (+) npuHUMaeTcs it 3agaun Q(U) — min | 3uak MuHyc (-)
u

npuHEMaeTcs i 3agadd Q(U) — max .
u

Jlunuu ypoBus ¢ynkuuun Q(U) TpaHcHOPMHUPYIOTCS B JIMHUU YPOBHS
byukuun Q2(U) 3a cyer wTpadHOH cocTaBmsomeid oH(U), ymIoTHSISICH

BIOJb TpaHHIbl. Yem OoJblIe BEMYMHA O M YeM OOJIbIE HAPYLIAKOTCS OT-
paHWYEHHMsI, TEM JIMHUH YPOBHsI OJIMDKE K TpaHuULIe.
TpanchopmMupoBaHHe THHUN YPOBHS H300paskeHo Ha puc. 3.10.

u/|

Q:(u)

ofu) N

Puc. 3.10. TpancopmupoBaHre IHHIHA YPOBHS PU YCIOBUIX
THUIIa PAaBEHCTBA

Pewenue 3a0au onmumuzayuu npu ycioeuu muna Hepagencmea
Pemaercs 3amaua

Q) = (uy,-..,u,) —» max(min) , (3.80)
@j(ug,..,ur)<0, j=1..,m, (3.81)

®dopmupyetes mrpadHas GyHKIAS
O = QU)o X (+sign 9; W) (1), (3:82)
j=1

rae Signoej(u)=-1, ecnm ¢@;(U)<0; signoe;U)=1, ecm ¢ ;(u)>0;
0 — GOJIBIIOE TIOJIOKUTEIBHOE YUCIIO.
3Hak 1wiroc (+) mpuHAMaeTcs Uit 3agaun Q(U) & min | 3Hak MuHyc (-)
u

npuHEMaeTcs i 3agaun Q(U) — max .
u



Jluauu ypoBHst ¢yHkimu Q(U) 3a cuer mrpadHOU COCTaBISIOLICH

o). (L+sign @ (U))@; (u) TparchOPMUPYIOTCS B TUHHH YPOBHS (yHKIUH
=1

02(U), YIWIOTHSACE CO CTOPOHBI 3alpEeTHOH OOJAaCTH BIOJb TI'PAHUIL
@j(Uy,...,ur)=0,j=1..,m.

Yem Gonbine ko3puIMEHT o ¥ YeM CHIIbHEE HApYIIAIOTCsl OrpaHUde-
HMS1, TEM IUIOTHEE JIMHUY yPOBHs QYHKIMU (2(U) NIPUOIIKAIOTCS K TPaHULE

CO CTOPOHBI 3aNPETHOMN 00JIaCTH.
TpanchopMupoBaHUe IMHUK YPOBHS H300paskeHo Ha puc. 3.11.

uz

Q(u)

Q(u)

v

3.11. TparchopMupOBaHHE TUHAN YPOBHS IIPU YCIOBHUIX
THUIIa HEPaBEHCTBA

Memooul cyuaiinozo noucka
Perraercst 3amava, copMyTupoBaHHas B BHIIE

Q(U1,..,ur)=Q() > mslx(min) (3.83)
u <o <u™ Q=1 (3.84)

PaccMoTpuM JBa MeTO/1a CIIy4alHOTO ITOHUCKA!
1) MeTox crenoro MoMCKa,

2) MeToA CiTydailHbIX HalpaBJICHHH.

Memoo cnenozo noucka

r o
3amanbl: 00beM 00MacTH V = A", onpenersiome TOUHOCTh BBIYHUCIICHHS
BEKTOpa ONTUMAJBHBIX yrpaBieHuii U™ = (Ui,...,Ur) B IOMyCTHMOI oGmacTu

V m3meHenus nepemeHHsix Ui, i=1...,r, oosemom V =1; BepostHOocTh B, €

KOTOpO#i TpeOyeTcs TIONacTh B 007aCTh V pacroioKeHHsI BeKTopa U™ .



CyHlHOCTL METoaa CJICIOIrO IIOMCKa 3aKJIH4acTCa B TOM, YTO 3amaéTes
BEPOATHOCTDH B , C KOTOpOﬁ Ipe6yeTc;1 MnonacTb B 3a/laHHYIO 00J1acThb pacio-

JIOXKEHHS 3KcTpeMyMa. TpebyeTcsi OnpeaeanTh TAKOe YHUCIIO TOYEK, BEIOpaH-
HBIX CIIyd4aifHBIM 00pa3oM B 0ONACTH AOMYyCTUMBIX YNpPaBICHUH, MPH KOTO-
pom olecrieunBaeTcs MONaAaHue XOTs ObI OMHON M3 3THX TOYEK B 33aJaHHYIO
001aCTh PACHONOKEHUS IKCTpeMyMa V. B BRIOpaHHBIX TOUKAaX BBIYHCISACTCS
neneBast GYHKIMS ¥ BEIOMPAETCs TOYKA C HAWIYYIINM 3HaAYCHUEM (DYHKIIHH.

AJITOpUTM MOMCKA

1. Bpraucnsercs 4mMciao To4eK S B 0ONACTH JOIMYCTHMBIX 3HAYCHHHA
Ui, i=1,...,r, Opu KOTOPOM FapaHTUPYETCs MOMATaHUE XOTs OBl OXHOH M3

HUX B 00mmacte V. 13 BeIpaskeHUS

B=1-(1-Vv)° (3.85)

nMeeM
s=In(1-B)/In(1-v). (3.86)
2. Bribuparotcs S COBOKYIHOCTEH ciydaiHbIX ducen Ui, i=1,...,r, on-

penensromux Uk, k=1..,s.

3. Breraucistores 3naveHus pynkunn Q=Q(uk ),k =1,...,s, u BeIOHpa-

eTcs Hawydllee U3 HUX.

MeTo/ MPUMEHUM IS TIOUCKA SKCTPEMYMa IOJTUMOJAIBHBIX (QYHKIIMHA.

Memoo cnyuaiinslx HanpaeieHuil

CyIHOCTh METOJla COCTOUT B TOM, YTO PaOOYMii IIar BBHIMONHSAETCS B
CITy4aiiHOM HaIlpaBJICHHH. 3aTeM CPaBHUBAIOTCS 3HAYCHUS! (YHKIHMU B TIpe-
JBIAYIICH W ToCieayromiel Toukax. Eciu 3HaueHue QYHKIUH B MOCICAYIO-
el TOYKe YIy4IIWIOCh, TO W3 3TOW TOYKH (OpPMHUpYETCs CilydaiiHOe Ha-
IIPaBJICHHE U BBINOJIHSETCS pabounii mar. Ecim 3HaueHne GpyHKInuU B mocie-
JYIOIIEH TOUKe HE yIy4IIMIOCh, TO BO3BPALIAIOTCA B TOUKY C JIy4IIHM 3HAYEHH-
eM (yHKIMH ¥ U3 3TOH TOYKU BBINOJIHAIOT B paHee c()OPMHUPOBAHHOM CITydaid-
HOM HAaIpaBJICHHH Pa0OYMii IIar ¢ yMEHBIIICHHOH BermauHOU. [Ipu nocTivkeHnn
Harepén 3aJlaHHOM Majoi BENWYMHBI IIara M3 TOYKH C JIy4YIIUM 3HAUYCHHUEM
GbyHKIMK (QopMHUpYETCS HOBOE ClIydaiiHOe HampaBjeHHE M OIMCAHHas BbIIIE
nporietypa mnopTopsiercs. [Ipu3HakoM OKOHYaHHS TOWCKA SBISETCS PAaBEHCTBO
33JAHHOMY 3HAQUEHMIO 4MCJId HEYJAYHbIX HAIIPABICHUI U3 OJHOW TOYKU IpU
JOCTIDKEHUH pabOvMM IIaroM Harepén 3aJaHHOM Maloi BeJTMYMHBL.

Bekrop ciny4aiiHbIX HanpapineHuit o = (0l1,...,0tr) (HOPMHUpYETC €ro

cocramstoummu o, = B, /.Y B . 3necw B, P j — CiydaiiHble BEIIECTBEH-

HbIC 4YWCJIa, OHU MOTYT OBITH IIOJIOXKUTEIbHBIMU HIIH OTpHUIATCIBHBIMHU,



JPOOHBIMU WJIK TENBIMU. [IOMCK METOMOM CIy4YailHbIX HATPABICHUN HWILIIO-
cTpupyercs Ha puc. 3.12.

Uz

\.
Pt
Puc. 3.12. ITouck MeTo10M CiTydaiiHBIX HampaBJICHUH

AJropuT™M nomcka

1. 3agatotes h™" u S HeymayHBIX HANPABICHUH M3 OJHOW TOUYKH.

2. BrolOupaercs wucxogHas Touka MOHMCKa U! M BBIYUCISETCS
Q=0QY).

3. U3 BBIOpaHHOM TOYKH BHIMOJHAETCS mar h¥ B ciaydaiiHOM Hampas-

gernn UK =uk +hk.q4,i=1..,r, u Beruucasercs Q=Q(u*?) (mus

neporo mara Kk =1).

4. CpaBHuBaroTcs 3HaueHust GyHkuuit Q(UX) u Q(uk+t).

5. Ecm mn Q(U) > max wmmeer mecto Q(UKH)>Q(uk) mmm s
u

Q(u) > min umeer mecto QU )< Q(UX), To s Toukn YU Brmon-
u b

HSIOTCS yHKTHI 3—4.

6. Ecnin ms Q(u) &> max wumeer mecro Q(UX*)<Q(uk) wmm mis
u

Q) —» muin umeeT mecto Q(Uk+) > Q(uk), To Bo3BpaleHHe B TOUKY UK .

7. TlpoBepsieTcsi BHINIOJHEHHE YCIOBHSI OKOHYaHHS IOMCKa S S mpu
h<hmn rme S —9ncoo HeyIauHBIX HAMTPABICHHUI U3 TOYKHA UK .

8. Eciu ycnoBue myHKTa 7 BBIMONHIETCS, TO ONTUMAJIbHOE U™ = UK |



9. Eciin YCJIOBUC IIYHKTa 7 He BBIINIOJIHACTCA, TO JJIMHA ITOCJIICAHCTO 1Ia-

ra YMCHBIIACTCS, HAPUMEpP, BIBOC, W U TOYKHA U= UK BBIIONHSIIOTCS
MyHKTHI 3-9.
MeTox IPUMEHUM JUTS TIOUCKA KCTPEMyYMa YHUMOJANBHBIX ()YHKIIHH.

KoHTposbHbIE BONIPOCHI

1. Yto oToOpaXkaroT TMHUU YPOBHS?

2. Iloka3aTh B IUIOCKOCTH [IBYX NMEPEMEHHBIX KauECTBCHHYIO KapTHHY
0TOOpakeHHsI YHUMOIAIIBHOM 1 MOJTMMOIANIBHOM (DyHKITHH.

3. Kakoli Touke B INIOCKOCTH INPEICTaBICHUS (YHKIMHA COOTBETCTBYET
HaujIy4llee 3HaYeHHe 3TOH QYHKIHMN?

4. B yem cymHocTs MeToa ["aycca-3eiinens? O6macTh ero mpuMEHCHUS.

5. B 4em cymHocTh MeTo/ia pesnakcaruit? OdnacTb NpUMEHEHHUs METO/IA.

6. B wem cymHuocTs MeTona rpagueaTa? O0nacTs MpUMEHEHHUS METOIA.

7. B gem cymiHOCTh MeTOAa Hamckopeimiero cimycka? O0xacTs mpume-
HEHHUS METo/a.

8. Urto obmero B Meromax ["aycca-3elinens m HauCKOpewmero cirycka?
B uem otnmuune mexy HUMHA?

9. Uro obmiero B MeToIax rpaJiieHTa U HaucKopeiero cirycka? B gyem
OTIIMYUE MEXYy HUMU?

10. B yem cymHocTh MeTO/a BMKEHHUS 10 AHY oBpara? O6nacth npu-
MEHEHHUS METO/1a.

11. B 1yem cymHOCTh MeToa mTpadHbIX QYHKUUH NPH ONTUMH3ALIH C
YCIIOBUSMH B BHJIEC paBEHCTB?

12. B uem cymHOCTh MeToAa ITpadHbIX GYHKIMI TPU ONTHMHU3ALUH C
YCIIOBUSIMU B BHZIE HEPABEHCTB?

13. B 1uem cymHOCTh MeToaa ciernoro moucka? OOnacTs MpUMEHEHUS
MeTo/a.

14. B yem CyIIHOCTh MeTO/a CITy4aiHBIX HampaBieHui? O0xacTh mpu-
MEHEHHS METO/Ia.

15. Kakum obpazom dopmupyercst ciaydaiiHoe Hampapierue? O0mactb
MIPUMEHEHUS METO/1a.

3.4.4. lInnaMuyeckoe NporpaMMHpoBaHue B TMCKPeTHOMH ¢Gopme

B nuckperHoi (hopMe TUHAMHYECKOE MMPOTPAMMHUPOBAHUE SBIIACTCS Jie-
KOMIIO3UIIHOHHEIM METOJIOM pEIIEHHs 3a7a4 CTaTHIECKOH ONTHMH3AIUH.
Oco0eHHOCTh TMHAMHYECKOTO MPOTPaMMHpPOBAHMA B JUCKPETHOM (opme
MO3BOJISIET CBECTH 3a]1a4y OOJBIION pa3MEPHOCTH K PSAAY MO3a1au MEHbIIEH
PpasMepHOCTH.

B JMHAMHYECKOM TPOTPaMMHPOBAHWUH KPUTEPUH ONTHMAIBHOCTH
Q(u)=Q(u1,...,ur) nomkeH ObITh QyHKIHEH MapKOBCKOTO THIIA, T.€. OH

MOET OBITh PEICTABIIEH B BUAE (QYHKIIMH OT COCTOSHUS S =S(U1,...,U1),



B KOTOpOE MPHUXOJAUT MOCIEAHNI 00BEKT B pe3yibrare BosaciicTBus (r —1)
YIPABIICHUI, M OT OCTABILErOCs ynpasienus U, , T.e. Q=Q(S,ur).

[Ipennonaraercs, 9To MPOIECC, MPOTEKAIOIIUNA B HCCIETyeMOM OOBEK-
Te, MOXXHO pacCMaTpPHUBaTh KaK MHOTOCTaWuiHEIHN (Ha puc. 3.13. mokazan N -
CTaIWIHBIN mporiece).

qi(Sp. ) ga(Syup) a1 (a2 W) S pr1, Wy)
Sp |1 S hY
— -
Tul Tuz

Puc. 3.13. MHoroctaauitHblii iporecc

3nech: Sia — cocrosHMe mepen | -if cramueif; U; — ynpasjieHue Ha i -i
craguy; Qj(Sia,Uj) — COCTaBISAIONIAs KPUTEPHS ONTHUMAILHOCTH, TIOJyYeH-

Hasg Ha | -U cTaguu.
COCTOSIHUSI COCEHUX CTAAUMN CBA3aHBI BEIPAKEHHEM

Si =Si(Si_1,ui),i=1,...N . (387)

PaccmarpuBaercs aqAMTUBHBIN KPUTEPUM ONITUMAJIBHOCTH B BUJIE
N
Q=20i(S5.uj). (3.88)
i=1

B ocHOBe nIMHaAMUYECKOr0 IPOrpaMMUPOBAHUS JIEKUT INPUHLHUI ONTH-
MaJIbHOCTH: ONTHUMalbHasi CTpaTerust 00JIaflaeT TaKUM CBOWCTBOM, YTO IS

JMOOBIX 3HA4YEeHUH ympaBieHUH Ui,...,Uy , IPU KOTOPBIX CHCTEMa MpHILIA B
cocrosiure Sy =Sy (Sg,U1,...,Ug), OCTaBIIMECS YOPABIEHUS U i4t,..., Uy

JAOJDKHBI IPUHUMATh TaKUC 3HAYCHUS, IIPU KOTOPBIX KpI/ITepI/Iﬁ OIITUMAJIBHO-
CTHU ABJIICTCA HAUJTYUYHIIUM OTHOCUTEIIBHO COCTOSAHUA Sk .

Anzopumm pewrenus 3a0auu ORMUMUIAUUU MEMOOOM OUHAMUYUECKO-
20 RPOZPAMMUPOBAHUA
[TpuHIUT ONTUMANTEHOCTH pea3yeTcs 10 IIaraM CISAYIOIIM 00pa3oM:

1. 3apatorcs yCIOBHO 3HaueHus S = (SI1 yeey S?), i=1...,N—1 Bekropa

cocrossauii. CocTaBigomue S-k, i=1..,N-=1k=1..,n ecth 3HaYeHH IIc-



PEMEHHBIX COCTOSHMS, BBIOpDAaHHBIE B JOIMYCTHMOM [AUANAa30HE U3MEHECHUS
Simm < Sik < Simax_

2. Ha nepBom mare ontuMusupyercs N -ast cocTaBisiomas KpUTEpHUs
ONTHMAJIBHOCTH KaK PEIICHUE 3aJauH.

QS N_1,uN)—>max. (3.89)

UN
IIpu 3TOM nony4aroT
Fn-1,N (Sn-1) = rL‘ax[ql\l vl (3.90)
N

uy =wn(Sn-1)- (3.91)

Ha BTOpOM ImIare ONTHMH3HPYETCS COBMECTHOE (YHKI[MOHUPOBAHHE
(N=1)-#t u N -if cragmii mpomecca ¢ y4eTOM pe3ysbTaTa ONTHMH3AINH,
HOJYIEHHOTO Ha [IEPBOM IIIare, B BUIE

Fn-2,N (Sn-2) = max[gn 1 (Sn-2,Un-1) + Fn-an On-0)], (3.92)
N+

ITpu aTOM MONy4aroT

Un—1=WN-1(SN-2)- (3.93)
3aMeTI/IM, YTO B COCTOSIHHUC SN_l HpI/IXOZ[ﬂT B COOTBECTCTBHUH C
SN-1=SN-1(SNn-2,UN-1) - (3.94)

3. Ha nocnenyromux marax ONTHUMH3NPYETCSI COBMECTHOE (YHKIIMOHH-
pOBaHHME BHOBb BBOAMMOI CTaJWH IpoLecca CO CTAIMAMH IPOIecca, pac-

CMOTPEHHBIMH Ha MpEABIIYNIEM IIare Mo (yHKIMOHAILHOMY YPaBHEHHIO
JUHAMHUYECKOTO MIPOTpaMMUPOBAHUS

Fn—k-1,N SN-k-1) =

LrjnaX[QN—k(SN—k—lauN—k)+ Fn-k,N Sn=k)] (3.95)
N—k
k=234,..,N.
[pu 3TOM MONTY4aI0T
UN_k = WN-k (SN-k-1), (3.96)
a B COCTOSIHUE Sp_y IPHXOIAT B COOTBETCTBUH C
SN-k =SN-k(SN-k-1:UN—k) - (3.97)
4. Ha mocneanem (N -om) mare umeem
Fo,n (So) = ”lax[%(so, up) + Fyn (Sl (3.98)
1

up = y1(So) - (3.99)



5. Boigensioorcs onTUMalibHbIE 3HAUYEHUS YNPaBICHUM ui* ,i=1.. N

CIIEIYIOITUM 00pa3oM.
J1s 3a1TaHHOTO COCTOSIHHSL S( Tociie BEIMOMHEHUs: N-To Iara onTuMH-

sammn mpu - Uf =y1(Sg) mepexoaAT B ONTHMAlIbHOE  COCTOSHHE

ST =S51(Sp,uy). danee ucnosnb3yercs Bopaskenue U, =y, (S;).

OnTumanbHbIE 3HAYEHUS OCTANbHBIX ynpasnenuit U; ,i=34,.., N, Bbl-
JENSAIOTCS TIOOYEPEIHBIM HCTIONb30BaHUEM BhIpaxkeHuit Sy = Sy (Sk_1,U,)
v Uy =Wee1(Sp), k=23,...,N.

3.4.4.1. Pemmenue 3a1a4 ONTHMAJILHOTO BJIOKEHUSI HHBECTHIHIT

MeTO0M TMHAMHYECKOT0 IPOrPaMMHPOBAHMS

Ilocmanosxa 3adauu.

3aman o6veM nHBecTHINil A. Tpedyercs pacmpenemts 3ToT 00beM Ha N
MeponpusTHid. DPPEKTHBHOCTh KaXKIOTO MEPONPHATHS OT BIIOXKEHHBIX HMHBE-
CTHIMI OlleHUBaeTCs BenmanHo npubeinu 0 (Uj), i =1,...,N (puc. 3.14).

1-e MepomnpusiTHE | a(ua)

2-e MepoTpHsTHE Ga(Uz)

(N-1)-e meponpusitie

Un (N)-e meponpusitue

Puc. 3.14. Pacnpenenenre HHBECTULNI

Pemaercs 3aJga4da

Q=0:(u) > max (3.100)
i=1 ue



IIPU YCJIOBUHU
N
dup=A, (3.101)
i=1

MPUYEM B KaXKJ0C M3 MEPOIPHUSITHIA MOXKET ObITh BJIOXKEH BECh 00bEM HHBE-
ctunmii A.

UYucno crenenei cBOOOABI B TaHHOI 3amade paBao N —1.

OO011yro 3a1a4y ONTHMH3ALUH C pa3MepHOCTHIO paBHO N —1 pasbuBa-
emHa N —1 mom3amad ¢ pa3MepHOCTBIO paBHOH 1.

Ha xakmoM miare onTUMH3AIKHN 3a7aeTCsl YCIOBHO OO 00beM HHBE-
CTHIWH, BKJIAABIBAEMBIX B pACCMATPHBAEMOE YHCIIO MEPOIIPHSATHIL:

k k. S k k k k k k k
» 92

k k
S{ =u"+u =U" 4+U +U ;..;SN_o=U +U +..+U" ;
1 1 2 1 2 32 ON=2 1 2 N-1

S,'i,_l = u'l‘ +u'§ +...+u'; =A; S? =0; j=12..,N-1; k=012,..,n.
Bennunuel 06beMa MHBECTUIMN M3MEHSIOT ¢ npupaiierneM A= A/n
KaK
sk=ka,uf =P4 P=012...n. (3.102)

3amaya pemaercsi momaroso. Ha mepBom miare pemraercs 3ajgada pac-
peaACICHUA I/IHBeCTI/II_[I/Iﬁ Ha ABa MCPOIIPUATHUA:

FLeo(SE) = max[ap (u8) +a(Sf —uf)l k=012,..,n,  (3.103)
u

2

k k k
S{ =u; +uy. (3.104)
B pesynbrare nomyyaror
us” =£,(Sf), (3.105)
uf " =sk—uk”, (3.106)

Ha Bropom miare pemraercs 3agada pacnpefele s HHBECTULMN Ha TPH
MEPOIIPUATHSL:

FLez2+3(S5) = max[gg (U§) + Fup(S1)] k=012, (3.207)
uz

sk=uk+sf. (3.108)
B pesyinbrare noay4aror

uy” =£5(S5). (3.109)



Hocne,uyfomne miarv BBIIIOJHAKOTCA B COOTBCTCTBHUHU C (l)yHKIII/IOHaJ'[L-
HbIM YPaBHCHUCM:

Frze,.m(Sm-1) = MaXan (U )+ Fuyor mea(Sh-2)]
ul (3.110)

k=012,..,n; m=34,.,N,
sk K k
m-1=U_ +Sm_2- (3.111)

m
B pesynbrare nomyyaror
k> k
Un =&m(Sm-1)- (3.112)
Ha nocnemHeM miare mHoiy4yaroT ONTUMAJIbHYIO BEIUYWHY HPUOBLIH
Freo+. NOSn-1) = Fry24 N(A) 1

.

uy =EnN(Sn-1) =En(A). (3.113)

I[aﬂee BBIACIAOT UICTUHHO OIITUMAJIbHBIC 06'BeMBI HHBCCTHHHﬁ, BKJIa-
JAbIBAEMBIC B KaKI10€ U3 MepOHpI/IﬂTI/Iﬁ, I/ICHOHL3yﬂ COOTHOIIICHUA .

sk_p =uk (S5, (3.114)
ukl =8485 ), i=N,N-1...3, (3.115)
uk*=81k*—u'2‘*. (3.116)

3.4.4.2. Bb100p ONTUMAJIBHOTO IIYTH HA CeTeBO MoO/eIH

3amady BHIOOpA ONTUMAJIBHOTO ITYTH HA CETEBOM MOJENH CBEIEM K 3a]ade
BBIOOpA ONTHMAJIBHOM TPaEeKTOPHH IIEPEX0Ja M3 HCXOIHOTO COOBITHS (COCTOS-
HUSI) B KOHEYHOE COOBITHE (COCTosHHE). [ 3TOro Hy>KHO ONpeNeauTh YHUCIIO
9TaloB NEPEX0/ia, COCTOSIHKE, TPEIIECTBYIOIIEE OUePEAHOMY 3Tally Mepexoa,
U myTd (YrIpaBieHHs), TI0 KOTOPBIM OCYIIECTBIISICTCS NEPEX0 U3 BBIOPAHHOTO
COCTOSIHUSI B COCEJIHEE COCTOSIHHE TI0 HAIPABJICHHUIO TIEPEX0JIOB.

Hcxonnas cereBast MOziesIb TpaHC(HOPMHUPYETCS K BULY, ITO3BOJISIOIEMY
NIPEACTaBUTh ee Kak omucanue (mpencraBienue) N craguifHoro mporecca
Hepexofia ¢ yKa3aHUEM COCTOSHHUHN, U3 KOTOPBIX OCYHIECTBIISIETCS IIEPEXO, U
COCTOSTHUH, B KOTOPBIE OCYILIECTBIISIETCS MEPEXOI.

[lepen moctpoeHHeM TpaHCHOPMUPOBAHHOM MOJEIH 1eI1eCO00pasHO
COCTaBUTH IOJIHYIO TAOJHILy COCTOSIHUI AJISI KQXKIOT0 3Tama, B KOTOPOH BbI-
JIETISIFOTCS] COCTOSTHUSL PacCMaTPUBAEMOM CETEBOH MOJEIH.

Yucno stanoB N nmpuHHMaeTcsi paBHBIM MaKCHMaJIbHOMY YHCITy TIepe-
XOJI0B M3 MCXOJHOTO COCTOSIHUSI B KOHEUHOE COCTOsIHUE. JIJIsl Kaskaoro sTamna

K, K=1,...,N BBIIEIAIOT COCTOSIHUSA Sltl-l' WHpeke | npuHUMaeT 1esiounc-

JICHHBblE 3HayeHus W = 1,...,M B mpexpenax M pa3sMEpPHOCTH BEKTOpa Hau-
OOJIBILIETO YHCIIA COCTOSHUN U3 BCEX PACCMaTPHBAEMbBIX 3TAIIOB.



Tadauna cocToaHUH

Howmepa cocrosinuit

1 2 I m-1 m

1| st | osf s st | s

1 2 o m-1 m

|2 s3 S5 S} S2 52
]
=
g

o 1 2 u m-1 m

| K Sk Sk Sk Sk Sk
=
=

N-1 st g2 S gm-1 gm

N-1 N-1 N-1 N-1 N-1

1 2 o m-1 m

N SN S{ SN SN SN

B xagectBe praBJ’ICHI/Iﬁ MNPUHUMACTCA IEPCBOJ U3 OAHOI'O COCTOSIHUS B
ApPYroe coceAHEC COCTOSAHHULC.

v =
Hamnpumep, ynpasieHuro UE j COOTBETCTBYET O/IHOHAIpABICHHBIN Tie-

PEBOA M3 COCTOSHUS Sﬁl B S}’ (k=4..,N; j=1..,N; p=1..,m;
v=1..m).
Kpurepuii ONTUMAILHOCTH, OTPAKAIOIIMI 3aTPaThl HA TIEPEXOJ U3 UCXOJI-

HOI'0 COCTOSTHHUA Sé B KOHCYHOEC COCTOSAHHEC SJN , MOXHO 3aI1MCaTh B BUJIC

N

Q(S5.u) = X.q;j(Sj-1.uj). (3.117)
j=1

Sj+i = Sj+i(sj—1'uj)l j =1..,N;i=01..N- j , (3118)

rae Sj = (S1 ,...,Sr_n) — BEKTOp cOCTOsIHMM Jitst j+1 cTaauu.
j j

11 im . 11 1 2,m

— ,m .21 .
U] = (uj—l,j’""uj—l,j’ Uj_1'j+1,...,uj_1’j+l, uj-l,j+l""'uj—1,j+1'

.,.ml ur_n,m

UL e J—1,j+1;---;U%El,N—l’----“T—'TN—l)
BEKTOp yrpasjieHuii. Bexrop ympasinennit Uj chopmupoBan B oOlieM ciyuae
COCTAaBIISIIOIMMY, KaXIasi U3 KOTOPBIX OCYILIECTBIIAET MEPEX0O] U3 JIFOOro co-
CTOSIHHSI SJ”_1 (j=2,.,N;u=L1..,m) B moboe cocrosuue Sy

(k=1j,j+1...,N;v=1...,m) KaxI0i 13 MOCIEAYIOUINX CTa/Nii (3TAIIOB).



3ameTnM, 4To B (hOpMHpOBaHNH KpUTEepHs onTuMaibHocTH (3.117) peans-
HO NPUHMMAIOT y4acTHE TOJIBKO TE€ COCTaBIISIOIINE, KOTOpbIE (POPMHUPYIOT Tpa-

EKTOPHIO TIEPeX0/Ia U3 BEIOPAHHOTO COCTOSHUS SIE B KOHEYHOE COCTOSIHUE S%\, .

TlocKoNbKY ynpaBieHne U’y Iepexoja M3 COCTOSHWS Sf B HOCIEIyIoLee

j
COCTOSTHHE S}’ OTpa)kaeT 3aTpaThl Ha ITOT IIEPEXOA, TO COCTABIIIOLINE KPUTeE-

pust onrivarmeroctr Q4% (i (j=1.,N; i=0L.., N - j=1), dopmupyio-
II[i¢ COOTBETCTBYIOMIME ¢ (S j_g,U ) , €CTh HH YTO HHOE KaK tu*'_"ly i

C Y4€TOM 3TOTO (byHKIlI/IOHaJ'II)HI)Ie YpaBHCHUA JUHAMHUYCCKOTO IIPO-
TrpaMMUPOBaHUA NOMIAroBO, HAYWMHAA € BEKTOPAa COCTOSIHUA SN—l noclenHen

cTaguu, OyAyT UMETh BUA:
Jns nepBoro mara:

Fn_1n (Shg) = mgx(unil,N +Fun(SK), p=l..m. (3.119)

OJIHaKO, YYUTBIBasg, 4TO IJI1 KOHCYHOI'0 COCTOSHUA S]N MpupamcHusd
KPpUTCPHUA ONTUMAJIBHOCTHU HE CYHICCTBYIOT, UMECM
Fa,n (SK) =0. (3.120)

OTmMeTeM TakkKe TOT q)aKT, qTO JJIA BBI6paHHOl"O COCTOSAHHA Skl—l BO3-
MOIXKCH IMEPCXO0J B KOHCYHOC COCTOSIHUC S]N TOJIBKO IIpHU OAHOM YyHPaBJIICHUHN

v IS 3a]AHHOTO |l B BeIOpaHHOM coctostaun Sk .. ClemoBaTenbHO
N-1N & ! u p N—1° i )

JUIL IICPBOI0 miara peHicHrs 3aaaqdun q)yHKI_II/IOHaJ'ILHOG YpaBHCHUC JUHAMMU-
YCCKOT'0 MPpOrpaMMHpPOBaHUA IPUHUMACT BUJ

Fnoin (SN-1) = Uﬁ{l’N : (3.121)
YHpaBJ‘IeHI/Ie Ha IIEPBOM HIare O603Han/IM
uy (SN—1) =&n (SN_1)- (3.122)
Jnst mrara 2:
Fn-2,N (SN_2) = n1""‘ix(uﬁ'zz,N+i-1 +Fyoan (SN-i))s . (3.123)

p=1...m; v=21..m; i=01

B peE3yibTaTe ONTUMU3AINN HAa BTOPOM HIare noJiyaum

UN_1(SN—2) = &n-1(SN_2) - (3.124)



st k-ro mrara (k=3,4,...,N)
I:N—k,N (Sﬁ_k) =

- rTlaix[m’\l'lk,N+k+i—1 + PN k14N (SN —k—141)], (3.125)

p=L...m; v=1..m; i=01..k; k=34,..N.

B pesysbprate ontrmMu3anud Ha K-M mare moxyaum

UN —ks1 (SN—k) = EN-k+1(SN_k) - (3.126)

[locnenHuii mar ONTUMHU3AIUN BBIIOIHSIETCS Inpu k=N. Ha OCJIICAHEM
mare nojriyunum

uy (S5) = £(S5) - (3.127)

Bripaxenns (3.122), (3.124), (3.126) omuchIBalOT yCIOBHO ONTHMAIb-
HBIE YIPaBICHUS JJIsI KaXIOW M3 COCTABIIIOIIUX BEKTOpA COCTOSIHUI COOT-
BETCTBYIOIICH CTAMK, HAYUHASI CO BTOPOU.

IlonyyeHHOE ONTHMAIBHOE YINpaBICHHE AJISA NEPBOM CTaAUU OTHOCHU-

1
S
TenbHO cocTostHus ~0 (3.127) maeT BO3MOKHOCTB BBIICITHTh ONTUMAJIbHYIO Tpa-
S St
EKTOpHIO Mepexofia u3 coctosiuua ~0 B cocTosnue N crefyroimm o6pasom.

[Tomy4enHoe 3HaueHue ynpasieHus (3.127) mis nepBoi CTauy MOJCTaBIISIIOT B
1 3arem Tt

j+i=N-=-K

(3.118) u mosry4yaroT ONTUMAIBHOE COCTOSTHHE TIOJICTABJISIIOT

B COOTBETCTBYIOIIIEe eMy Bhipaxkenue (3.126) mpu U MOJYYaroT

T
1
OITHMANBHOE yrpaBieHre 1 '+ . TakuM 06pa3oM, IPH O0YEPETHOM HCIIONb-
3oBaHmHU BeIpakeHnHt (3.118) u (3.126) Oyzmer BbIgeNneHa ONTUMAIIBHAS TPACKTO-

pus, obecrieurBaromasi MaKCUMAalbHOE 3HAUCHHE KPUTEPUS ONTUMAIBHOCTH TIPH
Ss st
nepexo;[e N3 COCTOSAHUA 0 B COCTOSAHHC N .

Pemenue 3a1aun 0 ONMCAHHOMY QJITOPUTMY BO3MOKHO IPOrPaMMHBIM
IMyTEM, TaK KaK OCHOBHBIC J3TaIlbl €€ PCIICHUSA TOCTATOYHO (I)OpMaHI/BOBaHI)I
JUISL COCTABIICHUS! IPOTPAMMBI.

O)IHaKO MOYKHO pEHICHUEC 3aJa41 BBINTOJIHUTD TaOJIMYHBIM CHOCO6OM, pea-
ni3yst (DYHKIIMOHAJIBHBIC YIPABICHHUS JTUHAMHYECKOTO MPOrPaMMUpPOBAHMS B
Bujie Tabnuil. [IprHIHMIT cocTaBieHNs TaOINIL 3aKITIOUAETCS B CIIEIYIOIIEM.

Hauunasi ¢ mepBoro mrara, 3amvChIBalOT BO3MOKHBIE COCTOSIHUS Slkll—l
(n=1,...,m), U3 KOTOPHIX BO3MOKEH MMEPEXO0/ B KOHEYHOE COCTOSIHUE SlN ,a

A
TAKKE 3allMCbIBAIOT YIIPABJICHUA Ul’\ll 1N 06€CHC‘II/IB3IOH.[I/I6 9TOT IEpexXoa u

SIBIISTFOIIIMECS] OJTHOBPEMEHHO OIIeHKOH 3(pPeKTUBHOCTH TIepexoia.



Jis  BTOpOrOo 1miara 3amMCBIBAIOT BO3MOXKHBIE COCTOSHUS Sﬁ_z
(p=1..,m), U3 KOTOPHIX BO3MOXEH IEPEXO] WIH B COCTOSHHE BEKTOpa

SN—1, AWM B KOHEYHOE COCTOSTHHE S,l\l , @ TaKOKe 3aIUCHIBAIOT YIPABJICHUS,

o0ecreYnBaoIue COOTBETCTBYIONIHI IEPEXO.
[Janee 3anuchIBaroT oueHKY 3(()EKTHBHOCTH COOTBETCTBYIOLIETO IEpe-

X0/1a U CyMMAapHYIO OLEHKY 3((EKTHUBHOCTH MEPEXOAA U3 COCTOSHUS Sﬁ_z
(n=1..,m) B cocrosume Sy\_; (v=L1..., M) u cymmapHyio oueHky sddek-
TUBHOCTH II€PeX0/ia U3 COCTOSHMS SN_, B COCTOSHHE SlN . B Tom cmyuae,
KOTJla U3 COCTOSHUS Sﬁ_z HMEET MECTO MEPEXO] Cpa3y B COCTOSHUE S

pl
OLICHKa 3(1)(1)CKTI/IBHOCTI/I OIpCALIACTCA YIPABJICHUEM u N-2,N

3aTeM BBIOMpaeTCs YCIOBHO ONTHMAJIBHBIN IIyTh Iepexosa U3 3aaHHO-
IO COCTOSIHHS B KOHEYHOE COCTOSHHE, OOCCIICUMBAIOIINKA MaKCHMAaJbHYIO
3¢ PEKTHBHOCTE.

I[JISI MOCJICAYIOMINX MAroB 3allMChIBAIOT BO3MOJKHBIC COCTOSHHA S“—k
(},l = :L, m ), N3 KOTOPBIX BO3MOKCH IIEPEXO/ B moboe rnocjieayromiee CoCcros-

HHE S\I<l—k+l+i (i=01,....k=1; v=1,...,m), a TaxKe 3aMUCBHIBAIOT yIpaBIe-
HUs1, 00ECTIeYHBAIOIIUE ITOT IIEPEX0]l. 3aTeM 3aIMCHIBAIOT OIEHKY ()(EKTHBHO-
CTH COOTBETCTBYIOLIETO IMEPeX0/ia, MaKCUMAJIbHYIO BEINYMHY 3()(EeKTHBHOCTH
Tepexozia U3 NOCIE/YIOMIEr0 COCTOSHIS SN _414j B KOHEYHOE COCTOSIHHE SlN ,
3aIMCHIBAIOT CYMMapHOE 3HaYCHHE yKa3aHHBIX d(P(EKTUBHOCTEH U BBHIOMPAIOT

IIyTh YCJIOBHO ONTHUMAJIbHOI'O IEpEXoaa U3 COCTOAHUA SN—k +1+i B KOHCYHOC

COCTOSIHHE S,l\l 10 MAKCUMAJIFHOW BEJIMYMHE yKa3aHHBIX (h(EeKTHBHOCTEN.

Hwxe npuBenem TabauUIBI ISl IEPBOTO, BTOPOTO U MOCIEAYIOMIMX IIa-
TOB PEIICHNUS 3aauH.

MepsBbiii mar. OynkiuonansHoe ypaBHeHue (3.121). Emy cootBercT-
ByeT Tabiuma.

DddexTHBHOCTH n
CocrosiHre Iepexoxn Hepexoza Fn-1n(SN_p)
1 11 11 11
SN-1 UN-LN UNZ1N UNZLN
. - ORI B o
SN-1 UNZLN UN-1,N UN=1,N
m m,1 m,1 m,1
SN-1 UNZN UNZ1N UNZ1N




Jlist cocrostHus SlN_2 YCIIOBHO ONTHUMAJbHBI IyTh B SlN HPOXO/IUT,
HATpUMep, Yepe3 COCTosIHuE Sy _q TpH U%\]TZ N—1° umfl N 4 obecrieunBaer
NpUpALICHUE KPUTEPHs ONTHMANBLHOCTH, paBHOEe Fy_o (SlN_z) =

1m m
Un—2,N—1 + Fn-1,n (SN-1) -

Jlnst cocTosHust SN_, YCIOBHO ONTHMANLHBIH MyTh B SlN , HarpuMep,
HPOXOJUT Cpa3y IpH UKI]EZ N U ObecreunBaeT mpupanieHne KpUTEpHs Of-
m m,1

TUMaIbHOCTH, paBHOe Fy_g N (SN-2) =UNZo N -

J1s. coCTOSTHUSL, HapUMep, SlN_K Ha K -OM IIare IPUHATHS PelIeHHUiT

YCIOBHO ONTHMAJIBHBINA MyTh B SlN HPOXOAUT Yepe3 COCTOSHHE SlN_K+2,

JUIs KOTOPOTO BenmmunHa Fy_k 1o N (S,l\l_K +2) BBIYHCIICHA Ha TpebIIyLIeM
mare mpy yCJIOBHO ONTHMAJbHOM YHPABICHHH, 00ECIEYHBAIOIIEM MEPEX0]

U3 COCTOSIHUS S,l\]_K 42 B IOCTIEyIONIEE COCTOSHUE MO YCIOBHO ONTHUMAllb-
HOH TpaekTopuu.

Jlig cocTosiHMS, HampuMep, Sm_K Ha K -OM IIare MpUHATHS pelIeHUH
YCJIOBHO ONTHMAJIBHBIA IIyTh B COCTOSIHUE SlN IPOXOJUT CPa3y B COCTOSIHUE
S,l\l. Ilpn 3TOM YCIOBHO ONTUMaNbHas BEIMYMHA NPUPAILCHUS KPUTCPHS
onTManbHOCTH coctaBut Fy_i N (SN_K) = UQEK’N .

st BICXOJHOTO COCTOSIHHSA S% Ha N -oM miare npuHATHS peLICHHH yc-
JIOBHO ONTHUMAJIBHBIA IYTh B COCTOSHHE S%\, NPOXOJHUT Yepe3 COCTOSHHE

S% , A1 KoToporo BenuunHa Fp (S%‘ ) BBIYMCIICHA Ha TPEIbIIYyIIEM IIare
IIPU YCJIOBHO ONTHUMAIBHOM YIPABIECHUH, OOECIEUMBAIOIIEM IEpPEeXo] U3
COCTOSTHUS S% B IOCJICAYIOIIEE COCTOSIHUE 10 YCJIOBHO ONTHMAJBHOH Tpa-

€KTOPHUHU.
Briaenenue onTuManbHON TPAGKTOPUU OCYILLECTBIISIETCS U3 COCTOSHUS

* 1
Sé HUepe3 ONTUMAJIBHOC YIIPABJIICHUEC Ul = Uo'}} Nnepexoa0M B OCICAYIOICC
ONTUMAJIBHOC COCTOSHUC, HAIIPHUMED S;'(J' , U3 KOTOPOT'o 4€pe€3 ONTUMAJIBLHOEC
NTRY
ypaBJICHUC UK“' NEPEXOJAT B MOCICAYIOMICE ONITUMAIIBHOE COCTOSTHUC S}/

U T.A. 10 JOCTHXXCHUEC KOHCUHOI'O COCTOSAHHUA S]N .



IIpumep BBIGOpPa ONTHMAJIBLHOIO YTH HA CETEBOI MoeIH
Ha puc. 3.15 npexcraiena cereBast MOZAENb, COCTOSIAS U3 8 COOBITHIH
u 13 pabot, NpoAOIHKUTEIBHOCTh KOTOPBIX yKa3aHa Has (110) paboTaMu.

Puc. 3.15. Ucxoanast ceTeBas MOIEIb

CocraBuM TabaHIly COOBITHI

CoObITHs
DTarnel

1 2 3 4 5 6 7 8
0 s}
1 st s?
2 s 3
3 s3 s?
4 s34

Ha puc. 3.16 npencrasieHa TpaHCGOPMHUPOBAaHHAS IO 3TallaM pacueTa
ceTeBasi MOJIETIb.



oTaI 4 6 i 7 4-1
1-it i 2-i i 3-i i ATAI
3Tan 3Tamn 3Tamn

Puc. 3.16. TpancdopmupoBaHHas ceTeBasi MOJIENb

PaCCMOTpI/IM MOHIaroBOC pCIICHUE 3a4a49M Mepexoa U3 COCTOSAHUA Sé B

COCTOSAHHEC S}l 0 TPACKTOPHUH, 06€CH€‘IHBa}OH.[CI>‘I MAaKCHUMAJIbHOE 3HAYCHUC

3¢ GEKTHBHOCTH.
Iepsbiii mar. GynkuuonansHoe ypasaerne F34(S) =ub j .
D¢ dextnBHOCTH n
CocTosiHue [Tepexon nepexona F3,4 (53 )
11 _ 11 _
s u(sj - s%) Uzy =2 Uz =2
s2 u(s§ - si) usy =3 u3y =3

BrienuM onTHManIbHYIO TpaekTopuio. M3 cocTosHuS S(l) B COOTBETCT-
BUU C TaOJIMIIEH YETBEPTOTO IIara MMeemM uélz =7, 9TO COOTBETCTBYET yda-
CTKY OITHMAJIbHOH TEpPUTOPHH u(Sé - S%) . 3aTreM BBIAENISEM ONTHUMAIIb-
HOE YIpaBJICHHE TIEPEX0/ia U3 COCTOSHHSA S% B COCTOSIHUE Ssg 1o Tabnune

BTOPOI'O MIara onTUMH3alunu U%’é =5, I[anee JJIA COCTOSHUA Sfag o Tabiu-

21
1€ IEPBOTO 1ara OonpeaciiieM ONTUMAJIBHOC YIIPABJICHUC U3 4= 3 nepexoaa



Y U3 COCTOSAHUS S% B COCTOSIHUE Szll .
INokaxeM ONTHMANBHYIO TPACKTOPHIO IIEPEXOA U3 COCTOSHHUS S% B CO-

CTOSIHUE Szll Ha TpaHc(hOpMHPOBaHHOHN ceTeBoi moaenu (puc. 3.17).

Puc. 3.17. OntumaineHas TpaeKTOpHUs Iepexo/ia Ha TpaHCPOPMHUPOBAHHON
CETEBOI MOJIENH

OnrumarbHasi TPACKTOPHS IS UCXOTHON CETEBOH MOJETH MMEET BUJ
(puc. 3.18).

Puc. 3.18. OnTumainbeHas TpaeKTOpHs epexoaa Ha UCXOAHOU
CETEBOM MOJEeNH

3.4.4.3. Boi0op onTHMAaJILHOII CTPaTernu NCNOJIb30BAHUS
000py/0BaHUsI HA MPEeANPUSTHH

OnTumuzanus CTpaTerud OOHOBIEHHS (3aMeHbl) O0OpyIOBaHHUS Ha
MIPEATIPUATHH SIBJSIETCS OJJHUM U3 BaKHEHIINX HAMpaBIeHUH COBEPIICHCTBO-
BaHUS CTPYKTYPBl OCHOBHBIX MPOU3BOJICTBEHHBIX (OHIOB. B camom olrem
BHZC MpoOJeMa ONTHUMH3AINU CTPATETHH 3aMEHBI 00OPYIOBaHUS Ha Ipea-
MIPUATHH COCTOUT B TOM, YTO JJIs 3aJaHHOTO TOPH30HTA YIPaBICHUS (TIaHH-
poBaHHUs) HEOOXOAMMO HAaHTH TaKyH) CTPATETHI0 3aMEHBI WM COXPAaHCHHUS
TOTO WJIM HHOTO BHAA 000PYIOBaHUS, P KOTOPOW 0OecreunBacTcs MaKkCH-
MaJIbHOE 3HAaYeHHE CYMMAapHOH MPHOBLIH.

l'opu3oHT ynpaBieHus: IpeCTaBIsIeTCs B JUCKPETHOM BUJE Uepe3 BbI-
OpaHHBIM HHTEPBAJI BPEMEHH, HAPUMEP Yepe3 OJUH IO/,

Jnst popmupoBaHus 11e71eBON (GYHKIIMHM BBEAEM CIEIyIOIIe 0003Hade-
HUSL:



S;j(i) — cocrosnne paccMaTpuBaeMON CHCTEMbI IPOTHO3UPOBAHMS 3a-

MeHbl 00OpYyHOBaHUs, TII€ J— JUIMTENbHOCTh TOPU30HTA YIIPABJICHUSI
(j=12,..,N), i— cpok HCHONB30BAaHUS WK BO3PACT PACCMATPUBAEMOTrO

Buja obopyaosanus (i =012,...,K);
Uj1(i) — ynpasnenue otHocuTenbHo coctosnust Sj(i) , T.e. npuHATHE

pELICHUs] OCTaBUTh HAaXOASAILICECs B SKCIUTyaTallMu 00OpylnoBaHHE (3aKOIU-
pyem ero kak U;j_y(i)=0) uiu e 3aMeHHTbL €ro HOBHIM 00OPYIOBaHUEM

(3akonupyem ero kak Uj_q(i)=1);
q;(i) — npubkLIbL, MoTyHaeMas OT peanu3alUi MPOAYKIUHU, MPOU3BE-

JIEHHOM 3a OJIMH MHTEPBAI (IIAr) IMCKPETH3ALMH, HAIPUMED, 3a OJUH I'oJl, Ha
JIAHHOM 000pYIOBAaHUH, UMEIOIIEM BO3PACT I JIET;
rj (i) — romoBbIe SKCILTYaTAIMOHHBIC PACXO/BI MPEATPHATHS IO COIEP-

KaHHIO0 000pY/I0BaHHs BO3pacTa i JleT OTHOCUTENbHO cocTostrus S (i) ;

Ij(1) — nuKBUAAIMOHHAS CTOUMOCTE 0GOPYI0OBAHUS BO3PACTA | JIET OT-
HocuTeNnbHO cocrosnus S (i) ;

P} — 1ena HOBOTO 060PYI0BaHHs OTHOCUTENBHO cocTostHus S j (i) .

B 00meM Buze ctaBuTCs 3amada
N
Q(Sn.u) = ZQj(Sj:Uj—l)_)mgX, (3.128)
j=1

rae Sy — BEKTOP MCXOIHBIX COCTOSHHUI B Hadajie TOPU30HTA YIpPaBJICHMS,
SN =(Sn(0), SN @),..., SN (K)) 5 u- BEKTOP yIpaBiIcHUH,
u=(Ug,Uq,Up,..,UN_1) , ipudemM Uj_g, j=1..,N MoXeT npuHAMATH JIHIIL

OJIHO M3 JBYX AUCKpETHBIX 3HaueHUH (0 mim 1) B COOTBETCTBUH C MPUHATON
KOJUPOBKOM.

Cocrapinsionye KpuTeprs ONTUMATBHOCTH (11eJIeBOH (DYHKIMH) BBIYHC-
JISIFOTCST KaK

aj(Sj uj_) =a;@)—rj(@), (3.129)
ecimn Uj_q = 0, T.e. mpu coXpaHEeHNH 0OOPYIOBAHUSI, U
qj(Sj.ujg) =)= Pj+q;(0)—r;j (i), (3.130)

ecmu Uj_g =1, 1.e. npu 3ameHe 000py0BaHMsL.

q)yHKIII/IOHaJ'ILHBIe YpaBHCHUSA JUHAMHWYCCKOT'O0 IpOrpaMMHUpPOBaHUs ITPU
NomraroBoM IpUHATUA peIHCHI/Iﬁ OT KOHIIa mponecca K €ro Hadaixy UMCEIOT



BUI:
JUTS TIEPBOTO I1Iara

L au (1) — (i), Up =0,
G0 ”?Jix{h(i) R+ QO -0 U =1 (3430
VTS TOCIIEAYIOIIMX [IATOB
D)=r:()+Fi_1(i+1), =0,
F; (S;(i)) = max GO0+ Fial+y 0= a1

uj (1) =Py +0;(0)—rj(0)+ Fj1 (D), up =1

e j=23,..,N;i=012..,K.
OTanbl peleHus 3a1a4u IpeICTaBIeHsl Ha puc. 3.19.

gn gl dn
S S “1] S S S }
_N.N Nll IN-1 L il“‘S

Ups L1 i) W1

Puc. 3.19. Dransl pemenus 3aja4u BbIOOpa ONTUMAIBHON
CTpATErHU UCTIOIB30BaHHs 000PYIOBAHHUS

Jlnist yrpolleHns: WINTFOCTPAIMii MOMIATOBOTO PEICHHS 3a1a4d METOI0M
JMHAMHUYECKOTO MPOrPAMMHUPOBAHHS IIPHMEM CIIEAYIOIIUE JOMYIICHHS:

— JUTMTETBHOCTh TOpU30HTA TuTaHupoBanus N =5 ner;

— MOXeT OBITh UCIOJIB30BAaHO 000pymoBaHue ¢ Bo3pactom i =0, 1, 2, 3,
4 jreT;

— [eHa oO0OpyJOBaHUS HE MEHSETCS BO BPEMEHH U COCTaBISET
PJ- =P =10 emunui;

— JIMKBHU/IAMOHHAs CTOMMOCTB 060pyoBanus pasHa Hymo (1 (i) =0);

— NpUOBLIb, MTOJTyYyaeMas OT peau3alyu MIPOAYKIIUH, IPOU3BOAUMON 3a
OJIMH TOJl Ha JaHHOM 00OpYZOBaHUH, 3aBUCUT TOJBKO OT €r0 BO3pacTa, T.€.

q;@i)=a();
— TOHOBBIC OKCIUTYaTAlIMOHHBIC PACXOAbI TAKKE 3aBUCAT TOJIBKO OT BO3-
pacta o6opynosanus, T.e. I'j(i)=r(i).

Bnauenus q;(i), rj(i),u q;(@i)—r;j(i) cremenst B Tabmuiy

i
ITokazarens

0 1 2 3 4




q; (i) =qa() 20 20 19 18 17

rj (i) = (i) 0 | 12 | 18| 1 | 15
qj(i)_rj 0= 10 8 7 4 2
=q()—r()

PaccMoTpuM moCneIoBaTeIbHO PENICHHE 3aJaddl ¢ MPUHITBIMH YCIIO-
BUSIMH ¥ IOIYIICHUSAMH.
IepBrplii mar. PyHKIMOHAIBLHOE YpPaBHEHUE

{%(i) - n (i), Up =0,
(i) — P+ (0) -1, (0), ug =1

Tabnuna s popmupoBanus Benuaussl F (Sq(i)) .

Fy(S1(1)) = max

Up

N=1 F(S3)=
| Cocrosmme | Vupasnmenme | fo(S1(i))= fl(_Sl(l)) 1(S:(1) )
! S1(1) U au (i) — 1, (i) L () - R+ ax{ fo(S1(1))
ST a0 -n0) f1(S;(1))
0| S0 2 10 5 10
L S 2 8 5 g
2 | Si(2) 2 6 5 6
3 S1(3) 2 ﬁ 6 4
4 S1(4) 2 E 6 2

Jlnst BBIOPAHHOTO MICXOJTHOTO COCTOSIHUSI CHCTEMbI TIPOTHO3UPOBAHUSI Ha 3a-
JIAHHBINA TOPU30HT MPOTHO3a ONTUMAJbHASL CTpATerust (HOPMYIIUPYETCS CIIEIy -
M 06pazoM. M3 TabiuIpl MOCIEAHETO MIara MPUHATHS PEIIeHUH Mo yIpasiie-
HHIO, COOTBETCTBYIOIIEMY MaKCHMAJIbHOM BEIHYMHE KPUTCPHs ONTHMATbHOCTH

Un_1 = UNn-1(SN) , OCYIIECTBIAIOT TIEPEXO B ONTHMANLHOE COCTOSHUE CHCTE-

Mbl C YMCHBIICHHBIM TOPHU30HTOM IIPOrHO3a Ha OJAWH IIar (O,Z[I/IH I"OI[), T.C.

S* =SN_1(Sn,U" ) u panee, mOOYEPERHO UCTIONB3YSI COOTHOLICHHSI
N-1 N-1



U} =u;(Sj40).

) ' j=N-2N-3..10,
S5 =S;(Sj41,U),

MOJIy4aroT CTPAaTETUI0 ONTHUMAIBHOTO NporHo3a (puc. 3.20).

1™ w* lln* lln 1" w* llo”=
s s - [ ]

Puc. 3.20. Ctparerust onTUManbHOTO MPOTHO3a MO UCTIONIb30BAHUIO
obopynoBaHus

Jlnist npuBeIeHHOTO ITpUMeEpa UMeeM ONTUMAJIBHBINA MPOTHO3, IPE/ICTaB-
JIeHHBIH Ha puc. 3.21.

[5:00) | =0y [5(1)) =G5 (2)| =0 p[5:(3) wrty
[S:00)] = .(2)| =0 5,(2)] L= [S,03)] =l f5:(1)] =y
[S42) [ =G{S,3)] Ol 5:(4) [l 5:(1) |-G 5(2)| Loty
EWMSUHLHSOH Ui L:O,
ﬂ|53(2)|“;=05|82(3)|ﬂ

Puc. 3.21. Crparerust onTuMaabHOIO MPOrHO3a MO UCTIOIb30BAHUIO
000pyI0BaHUS B pacCMaTPUBAEMOM IIpUMeEpe

[TpokoMMeHTHpYEM Pe3yNIbTaThl ONTUMH3ALIH.

Ecnm Ha nstTruteTHMI CpoK paboThI IPEANpHUATHS BHaYalle BBEACHO:

— HOBOE 00OpYy0BaHME, TO €r0 HY>KHO 3aMEHUTH Ha HOBOE OJIMH pa3 ye-
pe3 TpH roja KCIUTyaTalty;

— obopynoBaHHMe, HaXOAMBIIEECS B JKCIUTyaTalldd OAWH TOJl, TO €ro
TaKKe Hy’KHO 3aMEHHUTh Ha HOBOE OJIMH pa3 4epe3 TPH Iojia IKCIUTyaTaliH;

— o0opyznoBaHHWe, HaxXxOIWBIIEECS B SKCIDIyaTalldd JABa ToJa, TO €ro
HY’KHO 3aMEHHTH Ha HOBOE OJIMH pa3 Yepe3 J1Ba To/1a dKCIIIy aTaliH;



— o0opyJoBaHME, HaXOJMBIIECECS B AKCIUIyaTallud TPH TOJa, TO €ro
HY>KHO 3aMEHHUTh Ha HOBOE OMH pa3 4epe3 OJUH T'OJ IKCILTyaTaliHy;

— o0opynoBaHWe, HaxXOJMBLICECS B OKCILIyaTallMd YeThIpe roja, TO
HYXXHO JBaXIbl IPOM3BECTH 3aMEHY 00OpYyJOBaHMs Ha HOBOE: Cpa3y Ke U
yepe3 [Ba roja paboThl MPEANPHUATHS OCIIE 3aMEHBI 000pyI0BaHHUS.

KoHTposbHbIE BONIPOCHI

1. Kakne TpeOoBaHMs MPEIBABISIOTCS K IIeTeBON QYHKIHH TSI TIpUMe-
HEHUS JUHAMHYECKOTO IPOrpaMMHUpPOBAaHMA B JUCKpPEeTHOH (opme mpu om-
TUMHU3AIHA?

2. UTo MOHMUMAIOT TOJT COCTOSTHUEM CHCTEMbI (00BbEKTa) B JHMHAMHYC-
CKOM IPOrpaMMHUPOBAaHUH B TUCKPETHOH (opme?

3. Yro moHMMaeTcsi MOJ CTaAueil B JTUHAMHYECKOM IIPOrpaMMHpOBa-
HUU?

4. Yto noHMMAaeTcs O/ LIaroM pellieHus 3a/1a4i B AMHAMUYECKOM TIpO-
IrpaMMHUPOBAHUU?

5. KakoBo cozmepaHue (pyHKIMOHAJIBHBIX YPaBHEHHH THHAMHYECKOTO
IIPOTPaMMHPOBAHUS B AUCKPETHOH opme?

6. KakoB anroput™ pemeHus 3aa4i ONTUMHU3ANUH Ui MHOTOCTAIHH-
HOTO TIpOIIecca MpH MOCIEA0BATENbHBIX TPEOOPa30BaHMAX COCTOSHHN?

7. KakoB anropuT™ peuieHus 3aa4n ONTUMH3AINN IIPH NapalIeTbHbIX
IpeoOpa3oBaHMUAX COCTOSHUH (B 3a/1a4ax pacrpeencHus)?

8. KakoB AJITOPUTM BBIACJICHUA ONTHUMAJIbHBIX praBJ’IeHI/Iﬁ B JUHaMMH-
YeCKOM NMPOrpaMMHUPOBAHUU?

3.4.5. /IunHeiinoe mporpaMMHupoOBaHne

JluneiliHO€ TPOTpaMMHUPOBAHHME — 3TO MaTeMaTHUYECKassh TEOpHs, H3Y-
YaromIas METOAbI PEHICHHS JIMHEHHBIX SKCTPEMAIbHBIX 3a/1ad, T.C. 331a4 Ha-
XOXKIEHHUS SKCTpeMyMa (MakcMMyMa WIM MHHHMYyMa) LeleBoi (yHKunu

n

Q(u)=Cp + X.Cjuj , KOTOpasi JIMHEWHO 3aBMCUT OT YNPABJIAMOIIMX TEPe-
i=1

MEHHBIX, MPUYEM ypaBHEHHs CBsi3el Toxe nuHeiHbl 3xeck Cg,....C,, — mo-

CTOSIHHBIC.
3.4.5.1. OcobenHoCTH 32124 JHHEIHOT0 NPOrPAMMHPOBAHNUS

JluneitHOCTh 1IeneBO (YHKIHMU M JIMHEHHOCTh YCIOBHI CBA3M Bapbu-
PYEMBIX MEPEMEHHBIX SBISIOTCS OCHOBHOI 0COOEHHOCTHIO 33a7a4 JIMHEHHOTO
IIPOrPAMMUPOBAHHUS.

3ajaya JIMHEHHOTO NPOTPaMMHUPOBAHUS (OPMYIHPYETCS CIEAYIOIINUM
oOpazomM:

Q(u) =Cq + Cyuy +...+ Cup = min(max) (3.133)
u



PH YCJIOBUSIX:
agqUp +agols +...+ qUp < bl
adoqUp +anoUy +...+asnUp < bz

....................................... : (3.134)

amUy + amols + ...+ 8yl < by,
uj20,i=1..,n. (3.135)
B mpocrtpancTBe mepeMeHHBIX Uj,i=1,...,n reoMerpuueckas ¢urypa

neneBoi ¢yHkiun, n3odpaxatomas ycnosue Q(U) = const, ects rumepruio-
CKOCTh, @ 00JIACTh JOMYCTHUMBIX 3HAUEHHU MEPEMEHHBIX B COOTBETCTBUH C
MPUBEICHHBIMU BBIIIE YCIOBUAMHM SIBJSIETCSI MHOTOTPAHHUKOM. I'paHu MHO-
rOrpaHHMKa — TJIOCKOCTH, a pedpa MHOTOrPaHHHMKA — MPSIMbIE JINHUH, TPHU-
9eM 3Ta 00JIACTh BBITYKIIAsL.

Jns nBymepHO# 3amaun 001acTh NOMYCTUMBIX YIIPaBJICHUH MpHBEICHA
Ha puc. 3.22.

uf]
Us=0

\ Us=0

Q(u) = Const

U=

Us=0 Uz
U1:0 \ U3:0 4

Puc. 3.22. O61acTh NOMYCTUMBIX YIIPABJICHUN B 3a7a4e
JIUHEHHOTO TIPOTrPaMMHUPOBAHHUS

B CBS3M ¢ BBIMICH3IOKEHHBIM ONTHMAJIBHOMY COCTOSHUIO CHCTEMBI B
3aj1aue JIMHEHHOTO NPOrpaMMHPOBaHMS COOTBETCTBYST OJHA M3 BEPLIMH
MHOTOTpaHHHKA OTPAHWYCHUI WM ONTHMAaJbHOE pelIeHHe MMeeT Oecduc-
JICHHOC MHOXXECTBO TOYEK, NMPHHAIJICKAIINX OJHOH M3 I'paHeidl MHOrorpaH-
HHKa OTpaHUYCHHUIL.

[MocienHee MMeeT MeCTO B TOM cilydae, Korjia Kod(dUIHEHThI PU COOT-
BETCTBYIOIIMX MepeMeHHbIX Uj,i=1..,N B neneBoii QyHKUMH MPOIOPIHMO-



HaJIbHBI KO3((GHUIMEHTaM TIPH TEX K€ NEPEMEHHBIX B OJTHOM U3 YCJIOBHH CBSI3U.
B 3amauax jauHEHHOrO MporpaMMHUpOBaHus leieBas (QyHKUUS Ha3blBa-
eTcsl IMHEHHOH (POPMOIA.
CucteMy HEpaBEHCTB, CBSA3BIBAIOLINX IIEPEMEHHBIE, MOXKHO TEpenucaTh
B KaHOHHYECKOi hopme

dpqUp +apols +..+ Uy + U = bl

AUy + AUy + ...+ 8opUp + Uy = by (3.136)

amUy + 8moUp + ...+ 8qpUp + Uppm = by
Unyj 20, j=1..n. (3.137)

Tenepb YpaBHCHUA T'paHUL], MMOJY4Ya€MbIX IpU 06paIIIeHI/II/I HNCXOOHBIX
yCJlOBI/Iﬁ CBA3UM M3 HCPABCHCTB B PAaBCHCTBA, MOXHO 3alucaTb B BHIC
u=0k=21...,nn+1..,n+m.

PaccmarpuBas obliee 4MCIO MEPEMEHHBIX Uq,Ug,...,Un, Uiy Ungem s

OTMETHM CIIEAYIOlee CBOMCTBO 3a/ay JIMHEHHOTO MpPOTPaMMHUpPOBAHUS: B
BEpIIMHAX MHOTOTPAHHUKA OTPAaHHMYCHHUH POBHO CTONBKO IMEPEMEHHBIX 00-
pamaeTcs B HyJb, CKOJIBKO CTEIeHEH CBOOOBI IMEET CUCTEMA, a OCTAILHBIC
IIepeMeHHEIC B HYJIb HE 00OpaIIatoTCs.

AHanM3 4uciaa CTEleHer CBOOOIBI CHCTEMBI IOKA3BIBAET, YTO HUMECTCS
M ypaBHEHHMI, CBA3BIBAIOIIMX N+ M mepeMeHHBIX Uy, Kk =1...,n+m. Cue-

JIOBATENbHO, YUCIIO CTeTNeHe cBOOONbI poBHO N+ M—mM=n. Takum obpa-
30M, B BEpPIIMHE MHOIOIPAHHUKA OIPAHUYEHHMM POBHO N IEPEMEHHBIX W3
Ug, k=1..,n+m oOpamarTcs B Hy/Ib. DTU IIEPEMCHHBIC Ha3bIBAIOTCS CBO-

OonHbIMH TiepeMeHHbIMH. OCTalbHbBlE M IEpEeMEHHbIX B HYJb HE oOpalia-
I0TCSI M Ha3bIBAIOTCS OA3UCHBIMHU NEpEeMEHHBIMH. BepiiHel MHOTOrpaHHHKA
OTpaHUYCHUH Ha3bIBAIOTCS Oa3HCaMH.

3.4.5.2. CuMniiekc-MeTOo/l pelieHust 3a1a4 JMHEHHOro
NMPOrpaMMHPOBAHHSA

JIByMepHas 3aa4a JIMHEHHOTO MPOTrpaMMUPOBAHHSA MOXKET OBITH perie-
Ha FeOMETPUYECKU ITyTEM IOCTPOCHUS 00JIaCTH JOIMYCTUMBIX YIpaBICHUI 1
MOCTPOCHHS JIMHUKM YPOBHS (IIOCTOSHHOTO 3HAa4€HHs JIMHEHHOH (opmbl). B
o01ieM ciydae Juisl pelieH s 3aa4 JIMHEWHOTro POrpaMMHUPOBAHHS HCIIONb-
3yeTcs CUMILIEKC-METOI.

CyIIHOCTh CUMIUIEKC-METO/Ia COCTOUT B TOM, YTO M3 HCXOAHOTO Oa3nca rie-
PEXOJIAT 3a OJMH IIar B COCEIHMI ¢ HUM Oasuc. [IpoBepsIoT BIIOIHEHUE YCIIO-
BUI ONTHMAaJILHOCTH B 3TOM 0asuce. Ecim ycroBre onTUMaIbHOCTH HE BBITION-
HSIETCSI, TO U3 3TOTO Oa3uca Iepexo/IsIT B IPYTroi cocetHNi ¢ HuM Oasuc.

Anzopumm pewteHus 3a0auu CUMRIEKC-MEMOO0OM



1. BriOupaercs UCXOJHBIN 6aznc c KOOpJAUHATAMU

ul = (U1, Uz, Uy Uyt v Unem) = (0,...,0,by ..., b))

2. CucteMy cBS3H, B3STYIO B KAHOHUUECKOM (popMe, 3aIMCHIBAIOT B BUJIE
BBIpOKEHUH ~ Oa3uUCHBIX  IEpPEMEHHBIX  uepe3  CBOOOAHBIE,  T.c.
Ug = bk — Uy —aKoUp —...— dpUp, k=1..m.

Jluneiinast Qopma Tarxke BBIpaXKaeTCs Uepe3 CBOOOIHBIC NEPEMEHHBIE
Q) =Cy+Cyuy +...+ Ci_qUj_q + Cju;j + CjqUj1q1 +...+Crup,

3. B BeIpakeHHM JTMHEHHOH (QOpMBI BBIOMpaeTCs Ta MEpeMeHHas Uj,
yBeJIMUEHUE KOTOpoil B obmactu U= 0 OTHOCUTENbHO HCXOJHOro Oasuca
BEI3BIBACT YIIYUIICHNE THHEWHON (DOPMBL

4. PaccMaTpuBaIoTCs IIOCTPOYHO OTHOLICHHS KOHCTAHTHI Dy K K03 du-
LIUEHTy 8yj IpU IepeMEHHOU Uj, mpuueM, IpHu kodddUuUeHTe &y TODKEH

OBITh OTPUIATEIHHBIN 3HAK.
5. BeiOupaeTcsi j-as cTpOKa M3 CHCTEMBI CBS3€H, YHOBICTBOPSIOIIAS

yenosnio bj/aji = min (b /ay).

k=1...n;a;>0
Un+1 =Dy — a3ty — ... = 8gj_gUj_1 — @il — 83j4Ui+1 —---— B1nln
Unyj-1=Djg—8j_q1th — ..~ @jgi_gUjg — 8jqili —
_aj—li+1ui+1_---_aj—1nun
Un+j =bj —ajlul—...—aji_lui_l—ajiui —aji+1ui+1—...—ajnun . (3138)
Untj+1 =Dje1 —@j4aath — o — @jygi-gUig — @j4aiVi —
—8j41i+1Yi41 — -~ @j41nUn
Upym = DBm —amaty — ... = 8pi_gUi—1 — 8milj = Amig1Uizs — -~ 8mnln

B BbIOpanHO# cTpoke KOS(POUUMEHT &jj Ha3hIBACTCS PaspeLIAloIM

9JIEMEHTOM, & CaMa CTPOKA HA3bIBAETCS CTPOKOM, cojepikaiieil paspearo-
LU 3JIEMEHT.
3ameTyM, 4TO KOT/Ia lepeMeHHas U TpUHMMAeT 3Hadenue Ui = b;/a;ji,

nepemMenHas Up, j 00pamaercs B Hylb.

CrientoBatesbHO, OCYIIECTBIICH TIEPEX0] B COCEAHMHI 0a3nc, rie rnepemMeH-
Has Uj TpHUHsJIA 3HAUYCHHE, paBHOE HYIIO, T.e. cTaya cBoOoaHOM. IIpu ykasaH-

HoM 3Hauernun U; =bj /a;; ycmosue Up,y 20,k =1...,m BbmonmseTcs.

6. I3 cTpoku, cozeprkallel pa3pelaomuil 31eMeHT, Uj BbIPaXKaeTCsl KaKk



up=bj/aj—(@j/aj)u—..—(@jj1/aj)ui1—@/aj)unj—
—(@jiya/@ji)Uiya —.—(@jn/2ji)up

1 TIOICTABIISIETCS] B OCTAJIBHBIC CTPOKU CUCTEMBI YpaBHEHHH CBS3H.
ITocne npuBeneHUS MOJOOHBIX YWICHOB MOTYYaeTCs

Upy1 =Dy — a1l — ... — & qUj_1 — 81py jUns j —

3j4+1Ui+1 ~ -~ nln

Uy jo1 =Djo1 = j_paly — .= &jgjalicy = Ejotns jUns j =
—&j1iplizy — -~ Aj-1pln

Upyj=0 . (3.139)
Unsje1 = bj+l - §j+1lul - aj+1i—1ui—1 - §j+1n+ jUn+j —
_§j+li+1ui+1_---_§j+1nun

Untm =bm —8maly — ...~ 8pi—ali—1 — 8mn+ jUns j —

= amit+1Yi+1 =~ 8mnUn

7. BolpakeHue Uj MmoacTaBigeTcs B JuHeHHyro ¢opmy. Ilocne npuse-

JCHUA HO,Z[O6HI>IX YWICHOB MOJIy4aCTCA:

Q)= 60 + 61U1 +..+ Ei—lui—l + 6n+ jUn+j +
_ N e (3.140)
+Cizlizy + -+ CrysnUman

8. 3amMCHIBAIOTCS KOOPAMHATHI 0a3Kca, B KOTOPBIH IPULLIA

U2=

= (Ugsees Uj—gs Ung o Ui oo Uns Ui ooy Ung =10 Ui Ung jd e Unem) = -
= (0,...,0,0,0,...,0,t_)_l_,...,Ej_l,Bi = bi /aji,5j+1,...,5n+m)

3HaueHue JTMHEHHOH popmMbl B 3ToM Oasuce Q =Cg .

9. IIpoBepsieTcst ycaoBHE ONTHMAILHOCTU Oa3uca u?.
Eciu s Gasuca U2 B 3ajade Q(u) > min umeer mecro C; >0, a B
3amade Q(U) > max umeer mecto Cj <0, rae Cj — moboit u3 koaddurm-

eHTOB JMHelHoW (opmel, uckimouas Cg, To 6asuc u? sBaseTCs ONTHMAID-

HBIM.



10. Ecnu ycrnoBue ONTHMANbHOCTU HE BBIMOJHSETCS, TO B BBIPAXKECHUU
nuHenHo# hopmbl Q(U) BBIOHpaeTCs MepeMeHHasl, YIy4LIalomas TMHSHHYO

(bopMy Ipu Bo3pacTaHUU STOH IEPEMEHHOM, U TOBTOPSIOTCS ITYyHKTHI 4—9.
[Ipn npakTHYecKOW peann3aluy CHMIUIEKC-METOa Nepexol OT OTHOTO

6a3mca K IpyromMy M IpoBepka 0asznca Ha ONTHMAaJIbHOCTH (POPMAIH3YIOTCS C

UCIIOJIb30BaHUEM YIPOIIAIOIINX IPHEMOB B (pOpME CUMILIEKC-TAOIIHII.

3.4.5.3. CuMIIeKkc-Ta0auIbl
CI/ICTeMa OI‘paHI/I‘-IeHI/Iﬁ HpeﬂCTaBﬂﬂeTCﬂ B BUJC

Ungt + 81Uy + ..+ agj_qUi_g + &qjU; + agjqUipq + ..+ gl = by

Uptj—r +8jggly .t @jgigli—g T @jqiUj +8j_giplisr + -

o aj_lnun = bj—l

Un+j +aj1u1+...+ aji_lui_1+ajiui +aji+1ui+1+...+ajnun =bj
,(3.141)

Unsjer T 8jprath ot 8jajqlig +8j4iUi T ajj4lia + -

ot @jyipln =Djyg

Unem +8maly + .+ 8mij_glig + 8mili + 8mipalizg + -
“++ampUp =bpy
a nuHeHHas PopMa NpeICTABIIACTCS B BUJE
Q) -Cyuy —... = CiyUj_3 — Cjuj — Ciygljg — ...~ Crip =Co (3.142)

B mpuBeneHHBIX ypaBHEHHSAX CBOOOJHBIMH TEPEMCHHBIMH SIBIISIOTCS
Uy,..., U, . KoopanHats! ncxonnoro 6asuca

ut = (Ug,Up,.cs U, Uy e Ungem) = (0,...,0,by,..., b)) -



DTOMY COCTOSIHHIO COOTBETCTBYET CUMIUIEKC-Ta0mma 1 .

ITycTs paspelraromuM SJIEMEHTOM SBISieTCst @jj. Torga odepenHoi
IIar CUMIUIEKC-METO/Ia COCTOHT B Tepexojae OT Oasmca ul 6azucy ul =
= (Ul,---.Ui_l,Ui.Ui+1.---,Un,Un+1,---,Un+j_1,Un+j.Un+j+1,---,Un+m) =
= (O,,O,bJ /aji,O,...,O,bl,..., bj_l,O,bj+1,...,bm)

4yepe3 CUCTEMY

Unyg +agiUp +.. 4 Agj_1Uj_q + @ jUny j +agjpqlig +.+ gpUn =Dy
Ungjrt@jaay +o a5 gjqUig 81 jUng j F8j_gj1qlier -
B aj_lnun = bj—l

Uj + 83ty + ...+ 8jjqUj—1 + @) jUny j +&fjqUis + ..+ Qjplp =D (3.143)
Unsjer t8jprath +ooFajajaliag H a5 jUng j Hajaiaaliya + o

. aj+1nun = bj+1

Un+m +8maly + ...+ 8pij_qUj—1 + 8m jUnt j + 8mipaliys + -

“++ampUp = by

[Tpu sTOM NHHEeiHas GopMa NpUHUMAET BHI:

—C1U1 —...—Ci_lui_l—Cjun+j —Ci+1ui+1—...—Cnun = Co. (3144)

2
Bba3zucy U® cooTBeTCTBYeT cUMIUIEKC-Tabnuma 2.

Koopaunats! 6a3uca u? =

= (Ug,..., U1, Uiy Ujpgs- Uns Ungd e Ung -1 Ung o Unp j oo Upym) =
= (0,:0,b;,0,...,0,by,....0j_1,0,bj1..... bry) '

Jluneiinast hopma B 3ToMm b6asuce Q =Cq .
CTpoKH cUMILIEKC-TabIUIBI 2 POPMUPYIOTCS CIEAYIOMUM 00pa3oMm:
1. BeiOuparorcs BappupyeMast iepeMeHHast, HanpuMep Uj , 1 OTBICKHBA-

©TCsl Pa3peIIALOLINI IEMEHT & jj .
2. Crpoka, cozeprkaiiasi paspelatoliuil SJIEMEHT &8ny jj, YMHOKACTCS
Ha BenuunHy 1/8p, jj . 3HAUEHHA TOMYHEeHHBIX TIPH 3TOM SJIEMEHTOB 3aIlu-

CBhIBAOTCA HAa MECTEC COOTBCTCTBYIOLINX 3JICMCHTOB CTapOfI CTPOKH.



3. K xaxxnoii u3 cTpok cuMIuieKc-rabianipl 1 moodepeqHo npudaBisieTcst
MOJyYeHHAs! B IYHKTE 2 CTpOKa, yMHOXKEHHAsl Ha TakoW KO3(QUINEHT, IpH
KOTOPOM CyMMa JJIEMEHTOB JBYX CKJIaJbIBAEMBIX CTPOK B CTONIOLE U; 0Opa-

IIAEeTCS B HYJIb.
4. AHaNMM3MPYIOTCS 3JIEMEHTHI CTPOKH JIMHEHHOH (opMmbl. Ecim, 3a nckimro-

gennem Cg, Bce Cy (K — mit xoadduimenToB mpu N cBOOOAHBIX MEpEMeH-
HBIX) yHOBIETBOPsOT ycioBuio Cy >0 B 3amaue MakCHMU3aLHMH JIMHCHHON

¢dopmel (Cy <0 B 3amaye MUHUMU3ALMK JIMHEHHOH (DOPMBI), TO HaWICHO ONTH-

MaJIbHOE perreHre. Ecm yka3aHHBIC YCIIOBUS HE BBIIOJHAIOTCS, TO BEIYUCIICHHUS
MPOJIOJDKAFOTCS OTHOCHTEIBHO ITOTYYEHHOT0 0a3nca IepexoioM K ITyHKTY 1.

IIpumep. Makcumu3anus BBITyCKa NMPOLYKIMU IPH OTPAaHUYCHUAX Ha
pacxonpl ceipbsi. HeoOxoaumo crulaHupoBath paboTy MPOM3BOJCTBA MO BHI-
paboTke ABYX BHUAOB mpoxykimu I/, u [1, Takum oOpa3oM, 4TOOBI MOTYIUTh
MaKCUMAIIbHYIO TIPHOBLIb.

ITpu 3TOM UCIOB3YIOTCS YETHIPE BUAA CBIPBs Dy, Do, b3, 1 by, Benuuuna
3amacos b;=19, b,=13, b;=15, b,=18.

HOTpe6HOCTL B KOJIMYCCTBC C€AUHULL ChIPbA JJId MIPONU3BOJACTBA €AVMHUIBI
MPOXYKLMH KaXJJ0r0 BUa IIPUBEJICHA B Ta0nuIie.

ITponyxTsl
I, I,
Chipne
b, 2 3
b, 2 1
bs 0 3
by 3 0

OT npon3BOACTBA €AMHUIIBI NPOLYKIMK BUAa [/, MOTy4aroT CEMb €lU-
HUII IPUOBUIH, a OT MPOM3BO/ICTBA €IMHUIIBI NPOAYKIIMH BUAa /], TTOIydaoT
TISITh €IUHUL] TPUOBLTH.

0O603Ha4nM 00BEM MPOU3BOACTBA MPOAYKIUH Buaa /1, u I, COOTBETCT-
BEHHO 4epe3 Ug U Up.

Teneps 3anuiieM IOCTAHOBKY 33Ja4l B MaTeMaTH4eCKoi hopme

Q = 7uy +5uy — max
ueQ

IIPY OIPAaHUYEHUAX



2u; +3u, <19
2u1+ Uy <13
3u, <15.
3uy <18
up =0, up,=0
[Tepenuiuem cucteMy orpaHHueHUI B KAHOHMYECKOW (opme
19 =2u; +3uy + U3
13=2u1+ U+ Uy
15= 3uy + Usg
18 =3u; + Ug
uj20, i=12..6
HeneByto QpyHKIHIO (THHEHHYIO (OPMY) ITEPEITHIIIEM B BHIIE
0=Q—-"7u; —5u,.
B kadectBe mcxomHoro 0asuca MpUHUMaeM BEPIIMHY MHOTOTPAHHUKA

orpaHuueHuil npu 3HayeHuaAx U; =0 u Uy, = 0. CrnenoBaTensHO, CBOOOIHBI-

MU [EPEMEHHBIMU B UCXOJHOM 0asuce OymyT Uj, Uy, a OCTalbHBIC TIEPeMeH-
HBIE U3, Uy, Us, Us OyIyT Oa3MCHBIMH.

CuMmiuiexkc-radaunna 3

Bazucublie CB0GOIHBIE IlepemenHbIe
TICPEMEHHBIC YJICHbL
Uz Uz Us Ug Us Us
! 2 3 | 4 | 5|6 | 7|8
Uz 19 2 3 1 0 0 0
Uy 13 2 1 0 1 0 0




1 2 3 4 5 6 7 8

Us 15 0 3 0 0 1 0

Us 18 3 0 0 0 0 1
JInneiinas

bopma Q 0 -7 -5 0 0 0 0

Koopaunatel mepBoro 6asmca U = (Ug,Us,Uz,Us,Us,Ug) COOTBETCT-
BeHHO paBHEI Ug = (0,0,19,131518) , nuneiinast Gpopma IpHHIMAET 3HAYCHUE
Q=0.

B kauecTBe BapbupyeMOH NepeMeHHOW BbeIOMpaeM U;. Paspemrarorumit
JNIeMEeHT 8gq =3. CorIacHo anropurMy (GOpMHPOBAHHSA CUMILIEKC-TaOIUI

MOJTyYUM IJIsl BTOPOro Oasmca:

CumMmiiexkc-radauna 4

BasucHrle CBO6OIHBIE IlepemenHbIe
TICPEMEHHBIC YJICHBI
U Uz Us Uy Us Ug

Us 7 0 3 1 0 0 | -067
Us 1 0 1 0 1 0 | -0670
Us 15 0 3 0 0 1 0
Us 6 1 0 0 0 0 0.33

JIunelinas 42 0 5 0 0 0 23

¢dopma Q .

Koopaunater Broporo 6asmca Uy = (Ug,Up,Usz,Uy,Us,Ug) COOTBETCT-
BEHHO paBHBI U, = (6,0,7,1,15,0) , muneitnas dpopma Q = 42.

Tak kak KO3(hGUIHEHTH JTHHEHHOH (OPMBI IMIPH CBOOOJHBIX MEpEMEH-
HBIX Uy, Ug HE Y/IOBIIETBOPSIIOT YCIOBHSM MaKCHMyMa JIMHEHHOW (OPMBI, TO
pacuet mpoaoinkaercs. IlepexoauMm k TpeTbeMy 0a3zucy, BapbuUpys MEpeMeH-
HyI0 Up. CTpouM A TpeThero Oasuca Tabluily ¢ pa3pellaromuM JIeMEHTOM
Ayp = 1.



Cumiuiekc-Tadanna 5

Bbazucusie CBobonHbIE [lepemennsie
HepeMeHHbIe YJICHBI
up u; Uz Uy Us Ug

Uz 4 0 0 1 -3 0 13
u, 1 0 1 0 1 0 -0.670
Us 12 0 0 0 -3 1 2
Uy 6 1 0 0 0 0 0.23

JIuneinas

bopma Q 47 0 0 0 5 0 -1

Koopaunatel Tperbero 6asmca Uz = (Ug,Us,Us,Ug,Us,Ug) COOTBETCT-
BCHHO paBHBI Ug = (6,1,4,0,12,0), muneitnas dpopma Q = 47. OHa nomydeHa
u3 47 =045uy —Ug.

Tak xak ko3 QUIMEHTHI JTUHEHHOI GOpMBI PU CBOOOIHBIX NEPEMEH-
HBIX Uy, Ug HE YIOBIIETBOPSIIOT YCIOBHSAM MaKCHMyMa JIMHEHHOHW (hOPMBI, TO
pacuer npoaospkaercs. [lepexoaum k dyerBepToMy Oasucy, Bapbupys Iepe-
MeHHYIO Ug. CTpOUM IS 4eTBepToro 6a3uca TabNuIly ¢ pasperIaoiiM die-
MEHTOM agg =1.3.

Cumiuiexkc-Tadanna 6

BbazucHsie CBobonHbIE [lepemenubIe
nepeMeHHbIe YJIEHBI
uq U, [VE} Uy Usg Ug
Ug 3 0 0 0.75 -2.3 0 1
u, 3 0 1 0.5 -0.5 0 0
Us 6 0 0 -1.5 15 1 0
Uy 5 1 0 -0.25 | -0.75 0 0
Mlunciitiaz 50 0 o |07 | 28 | o 0
popma Q

Koopaunate!l gerBeproro 6asmca Uy = (Ug,Up,Us,Uys,Us,Ug) COOTBET-
cTBeHHO paBHBI Uy = (5,3,0,0,6,3) , muneiinas ¢popma Q = 50. OHa nonyyeHa
u3 50=0+0.75u3 + 2.8u,.

Tak xak K03(HUINEHTH JTHHESHHOW (OPMBI IPH CBOOOHBIX ITEPEMEHHBIX
Uz, Uy UMEIOT TIOJIOKUTEIIBHBIE 3HAKH, TO JAHHBIA 0a3uc SBISIETCS ONTHMAIIb-
HBIM. B pesysbrare pacuera ONTUMAalbHOTO IUIAHA IMPOW3BOJCTBA IMPOYKIIHH



JIBYX BHUJIOB MOJyYCHBI OOBEMBI MPOU3BOJICTB BUIOB [7; U I1; COOTBETCTBEHHO
U; =5 u Uy = 3. IIpu 5ToM onTuMabHas IPUObLIb COCTABUT 50 eAUHMUIL.

KoHTposbHbIE BONIPOCHI

1 KaxoBa maTemaTmdeckas GopMa ITOCTAaHOBKH 33[Jadd ONTHMH3AIHH
B JIMHEHHOM IIPOTpaMMHUPOBAHUN?

2. B 4em cocTouT 0COOCHHOCTH 33/1a4W JIMHEHHOTO IPOrpaMMHUpOBa-
Hus? KakoBa 001acTh NpUMEHCHHS JTMHEHHOTO MPOrPaMMHPOBaHUSA?

3. Kak Ha3bIBarOTCs BEPIIUHBI MHOTOTPAHHUKA OTPAHUYCHUH B JIMHEH-
HOM MPOTPaMMHUPOBAHHU?

4. Kaxk omnpenessieTcss YUCII0 CTeeHe cBOOOIBI (Pa3MEPHOCTD 3a1auH)
B JIMHEHHOM MPOrpaMMHUPOBAHUU?

5 Kaxme mepeMeHHBIC B BRIOPaHHON BepIIWHE MHOTOTPAaHHUKA OTpa-
HUYEHUH Ha3bIBAIOTCS CBOOOIHBIMH, a KaKue 0a3MCHBIMM?

6. Kaxoif BuI nMeeT IWHUSA YPOBHSA B JABYMEpPHOU 3amade JTUHEHHOTO
MIPOTPaMMHPOBAHUS?

7. B deMm CymHOCTh CHMIUIEKC-MeToaa?

8. KakoBo cojepkaHue anropuTMa pelleHHs 3aadd CHUMILICKC-
MeToz0M?

9. KakoB npuHIMN (GOpMHPOBaHHS UCXOAHON TAOIHIBI IPU PELICHUH
3aJ[a4M C MOMOIIBIO TaOIuI?

10. KakoBo conepkaHue anropurma (GpopMHUpPOBaHHS HOBOM TaOJIHIIBI
IPU Mepexo/ie OT OJHOTo Oa3uca K Apyromy?

11. Yro sBmseTcs MPHU3HAKOM TIIONyYCHHUS pEHOICHHS B CHMIDICKC-
merone?

3.4.6. MHOrOKpHTEpPUHAIBbHAS ONTUMU3ALUS

Berimre ObUTH paccMOTPEHBI METOJBI ONTUMH3AIMK MO OJHOMY KpHUTe-
puro ontuManbHOCTH. OHAKO HA MPaKTHKE MPUXOAUTCS NMPUHUMATDH YIIpaB-
JIEHYECKOE PEUICHHE C y4E€TOM HECKOJIBKUX KPUTEPUEB OQHOBpeMeHHO. Ta-
Kasg CHUTyalus BO3HHMKAeT B TeX CIyd4asx, KOrJa TPYAHO BBLACIUTH Hanboiee
CYIIECTBEHHBIH ToKa3arens 3()(GEeKTUBHOCTH (YHKIMOHUPOBAHHS CHCTEMBI,
a ocTanbpHble TpeOOBaHUs Ha (HYHKIIMOHUPOBAHUE CUCTEMBI C(HOPMYIUPOBATH
B BHJIE OIpaHWYEHHH. 3aTpyTHEHHE BBI3BIBACT TAKXKE BHIOOP BECOBBIX KOI(-
(UIMEHTOB TPH OTHENbHBIX IIOKa3aTeNsiX (YHKIMOHUPOBAHUS CHUCTEMBI,
€cii 00bEANHUTH 3TH MOKA3aTEH B €UHBIA KPUTEPHH.

TpynHocTs BBIOOpa peIICHUS B YCIOBHSIX MHOTOKPHUTEPHAILHON ONTH-
MU3aIuU 00yCIIOBJIEHa NMPOTHBOPEUUBOCTHIO KPUTEPUEB: HAIPUMEp, CTPEM-
JICHWEe K MaKCHMH3aluu 00beMa BBIITYCKa MPOIYKIUH MPUBOJUT K CyMMap-
HOMY POCTY €€ ce0eCTOMMOCTH, @ MAKCUMM3aLHs TI0Ka3aTes KayecTBa Ipo-
JOYKIWU TIPUBOANT, KaK MPABUJIO, K YBEIHMUYCHHIO 3aTpaT MPH 3aAaHHOM 00b-
eMe TPOM3BOJCTBA WM K CHIXKECHHIO 00beMa MPOW3BOACTBA MPH 33aJaHHOM



YPOBHE 3aTpart, T.€. TAKKE NPUBOAMUT K MOBBILIEHUIO cEOECTOMMOCTH I0JIY-
YaeMOH MPOTyKIUH.

B ycnoBusix ecTecTBEHHOM MPOTUBOPEUUBOCTH KPUTEPUEB ONTHMAIIBHOCTH,
Korjga B oOIIEM Cllydae HEBO3MOXKHO OOECIIEUHTH ONTUMAIbHBIE 3HAUECHHS 110
BCEM KPHUTEPHUSM OJHOBPEMEHHO, BO3HWKACT JKEIAHHUE HANTH TaKoe PEIICHHUE
(Takoii 1iaH), AIA KoToporo ObUta OBl B ONPEAEICHHOM CMBICIIC HAWTyUIIeH
COBOKYITHOCTb 3THX 3HA4Y€HMI MO BCEM KPHUTEPUSIM BMECTE B3STHIM. Takue pe-
IIeHNsI (TUTaHBI) Ha3bIBAOT ONTUMAIIBHBIMHA KOMIIPOMHUCCHBIMH.

MHoXecTBO pemieHHi (IIaHOB), XapaKTepPH3YIOIIeecs TaKUM CBOMCT-
BOM, YTO Ha HEM HH OZHO PEIICHHE HE MOXKET OBITh YIYydIIEHO HU MO OXHO-
My M3 KpUTepueB 0e3 yuiepOa Uit APYTUX KpUTEPHUEB, HOCUT Ha3BaHUE MHO-
xectBa [lapero. Ha »ToM MHOXecTBe Kakabli 3((EKTHBHBIN IUIaH IO-
CBOEMY HCYEPIIBIBAET BO3MOXKHOCTH ONTUMH3UPYEMOI SKOHOMHUECKON CHC-
TEMBI, peaju3ys OINpEeAEICHHbI KOMIPOMHUCC MEXAY YaCTHBIMU KPHUTEpHS-
Mu. OmpeneneHue Ha 3TOM MHOXKECTBE ONTHUMAIbHOIO KOMIPOMHCCHOIO
pemenus (rwiaHa) TpeOyeT 0OOCHOBAaHHOTO BBIOOpa TOHM WM MHOM CXEMBI
KoMmrpomucca. Ha mpakTuke OOBIMHO IOJB3YIOTCS HEKOTOPHIM HAO0OpOM
CXeM BBIOOpa KOMIIPOMHCCHOTO PEIICHUs, HanOoiee MPEeaIouTHTEIFHON 13
KOTOPBIX CUHUTAIOT CXeMy (METOJ) MaKCHMHU3allMd MHHHMAJIbHOM OTHOCH-
TEJIFHOHM CTENEeHU INOCTIKEHHs nenr. CyInIHOCTh METO/Ia COCTOHT B CIIEIYTO-
X TOATAIHBIX JEHCTBHAX.

1 sran. Bee kputepun npuBOAATCS K BUIY, MO3BOJISIOMIEMY NOCTUTAaTh
Haujydmero 3Ha4€Hud B OHOM HaIpaBJICHUHW, HAIIPUMEDP, B CMBICJIC MAKCH-
MyMa (MJI1 MUHHIMYMa).

ITonyuaror Mmozenb

f(u) ={f(u), fo(u),..., fs (U)} = max (3.145)

pu
gi(w) <, i=12,..,m. (3.146)
2 stan. OTBICKHBaeTCSI MAKCUMYM (MUHIMYM) KaXIIOW IelIeBO (yHK-

U1 B OTACJIBHOCTH, a PE3YJbTAThbl PCHICHUSA CBOAATCS B Ta6n1/1uy CJICaYy1o-
mero spaa

LeneBsie OnrumansHbIe Henessle GpyHKIIN
¢byHKIME|  pemeHHs (TITaHBI)
f1(u) fa(u) | fs(u)
1 2 3 4 5 6

f1(u) u:(L)pt fl(u:(L)pt) f, (Ufpt) | (u:(L)pt)




1 2 3 4 5 6
t t t t
fa(u) ugp f1(U§p ) fz(ng ) f (ugp )
fs) | ught BUP) | U fsue™)
Fj= max mo cronbuy F F> | Fg
j=12,.,s
f: = min o cron6uy fi fa fs
Vo jm12,s P P p
Al = F] - fj 1 2 S

3 3ran. IIpu penmeHnN OAHOKPUTEPUANIBHBIX 33/1a4 ONTUMAIIBHOE PelIe-
Hue (IUIaH) OTBICKMBAETCH CPasy Kak JIIEMEHT & jj, COOTBETCTBYIOUMH j-if

cTpoke u J-my cronbuy kpurepus fj(u). B ciyuae MHOrokpuTepuanbHoit

OIITUMU3ALIMH OTIPENEISIETCS CTENEHb JOCTUKEHHS aBCOMIOTHOIO ONTHMYMA.
B aGcomoTHOM M3MEPEHHH CTENeHb TOCTHXCHHS IIEH 10 j-My ITOKa3aTellio
MoxeT ObITh paccuntana 1o popmyse ( fj(u)— fj), T.e. kak Benuunna yna-

JIeHUs TEKYIIEro 3HaueHus j-ro kpurepus omtumambHocTd f;(U) oT Ham-

MEHBIIET0 €ro 3HadeHMs. [I0CKONBbKY KaXKIbIi M3 KPHTEPHUEB ONTHMAIEHOCTH
3a/1aeTCsl B CBOMX CIIMHMIAX M3MEPEHHU U B CBOEM MacliTade, B 00IIEeM ciydae
OTIMYHBIX OT €AWHUII H3MEPEHHUS M MAcIITab0B APYruX KPUTEPHEB, TO JUIS CO-
MIOCTABJICHUS] CTEIIEHEeH JOCTMIKEHUS LEeNH 10 KaKIOMY KPUTEPHIO NPU TTOUCKE
KOMITPOMHCCHOTO pelieHus (IU1aHa) UX He0OXO0AUMO HOPMHUPOBATh.

HopmupoBanue cremeHeil JOCTHKCHUS ONTHMYyMa MO j-My KPHTEPHIO
OCYIIECTBIISIOT CIEAYIOLIM 00pa3oM:

eju)=(fju)-f;)/4; j=12..s. (3.147)

IIpu aTOM noONy4ar0T
OS(pj(u)sl, j=12,.,s. (3.148)

4 yran. ®opManuszyeTrcd NMpHUHATas cxema KoMmrpomucca. [lockoibky
HEBO3MOXHO MOJYYHTh MaKCHMAJIbHYIO CTETICHb JTOCTH)KEHHUS LIENH IO BCEM
KPUTEPHSIM Cpa3y, 3aJaloTcs IIeIbI0, 9TOORI HanOombIed Obljla MHHUMAb-
Hasl 10 M000MY U3 KPUTEPUEB CTENIEHb TOCTIKEHUS ONTUMYyMa. DTO O3Hada-
€T, YTO €CIIH JIOCTHUTHYT MaKCUMyM HaumXyJIIei CTENEeHN JOCTH)KEHHS ONTH-
MyMa 110 KaKoMy-JTH0O KPHTEpHIO, TO MO BCEM OCTAJILHBIM KPUTEPHUSIM CTe-
TIeHb JIOCTIDKEHNUS 11enn OyeT He MEHBILCH.



B sTom ClIydac 3aJjla4yy MakKCHUMU3alluu MHUHHMAJIbHOH CTEIICHU JOCTH-
JKCHHUA OITUMYMaA MOKHO 3alucaThb B BUAC

min ¢ j (u) > max , (3.149)
j u
gi(uw) <, i=12,..m, (3.150)
ejuyzming;(), j=12..s. (3.151)
i

PaccmoTpuM mpumep mnoucka KOMIPOMHUCCHOIO PELICHUS CIEAYOUIei
3aJ1a49H.

B miaH ycliOBHOTO MpEAIPUSATHS MOTYT OBITh BKIIIOUEHBI JIBA M3JENUS
(A u B), obnamaronirie B IIIAHUPYEMOM OTPE3KE BPEMEHH HEOTPAHUYCHHBIM
CIPOCOM; IIPH 3TOM HEOOXOJUMO BBHITYCTHTh HEe MeHee 20 IITYK KaXkIO0ro
n3aenus. O0ObeM BBIITyCKa B CTOMMOCTHOM BBIPQ)KEHHUHU JOJKEH OBITh HE Me-
Hee 240 Thic. py0. HopMaTHBEI 3aTpaT pecypcoB ABYX BHJOB, HCIOIb3YEMBIX
JUIsL U3TOTOBIICHNUS M3JENHUIL, pacroaraeMble 00beMbl 3THX PECYpPCOB, a TaK-
xKe Ipyras HeoOxomumas wHpopManus s popMali3anud Moaerd HHGop-
MalUH IPEACTABICHbl B HIKSTIPUBEICHHOM Ta0IHIIe.

HopMmaTtuBbl 3aTpat pecypcoB

Tpynoemkoctsh
H3rOTOBJICHHUS Pacrionaraemsrii gponz
Tpyrmt TIPOAYKIIHH BpeMeHH padoThI
(e71. BpeMeH) obopynoBaHus (ro0BOM)
(en. BpeMeHH)

A B
MexaHooOpaboTka 10 40 2600
Cbopka 30 10 2300
OnroBas 11eHa (THIC.py0.) 6 3
CebecTouMocTb (THIC.pyO.) 1 2
[MpuGsLE (THIC.pYO.) 5 1 e

Haiitu pauroHanbHbI KOMIPOMUCCHBIM IUIaH, PACCMOTPEB B KayeCTBE
nenei GyHKIHMOHUPOBAHUS (KPUTEPHEB ONTHMAIBHOCTH) ITPOCMAaTPUBAEMOM
CHUCTEMBI IPUOBLIb, CE0ECTOMMOCTh U CTOMMOCTh 00BhEMa BBIITyCKa.

Pewenue 3a0auu

Kpurepuii onTHManbHOCTH:

Croumoctb o6beMa Beiycka 1 (U, Up) = 6Uy +3u, — max ;
Up,Uy

npubsuis (U, Up) =5uUp + Uy, = max ;
Ug,Up



ce0ecTOUMOCTh f3(Uuy,Up) = Uy + 2Up, = min .
Uq,Usp

3agady MUHUMH3AIUKA CEOSCTOMMOCTH 3aMEHHM 3a/aueil MakCUMH3a-
ouH QyHKIIH
fa(ug,up) =—"f3(up,up) =—up —2u, — max.
Ug, Uy
OrpaHuveHus:
1o (GoHIY BpeMEHH Ha MEXaHOO0PabOTKyY
gl(ul, U2) = 10U1 + 4OU2 <2600 en. BpPCMCHH,
1o GoHy BpeMEeHHU Ha COOPKY
02 (ug,uy) =30u; +10u, <2300 en. BpemeHy;
o 00BeMy BBIITYCKa M3ACTHiA Buga A
U; = 20 mTyK;
o o0beMy BBIITYCKa M3/1eiuii Buia B
Uy > 20 mTyk;
1o 00bEMy CyMMapHOTO BBITycKa m3aenuii Buna A u B B ctonmoctHOM
BBIPaKCHUHT
g3(ug,up) =6uy + 3uy =240 ThIC. PYO.
Ha puc. 3.23 nz00paskeHa 00JIaCTh IOMYCTUMBIX PEIICHUH W yKa3aHBI

TOYKH ONTHMAJIbHBIX PeIeHHUH: 1| — M0 cTOMMOCTH 00beMa BBINyCKa; 2 — I10
puOBLTH; 3 — 10 ceOEeCTONMOCTH.

A
Uz
90 - gz=(u1,u2)=2300
80 T

05=(Us,Yi2)=
70 T f,=conct=370
60 T\
50 1
40 B gl=(u1,uz):2600
30 L \\3 o4
20 0l \

U=
10 t° W, \\\\ f,=conct=510
0 i ,=concf=7Q »

t —r—P= = — »
0 10 20 30 40 50 60 70 80 90 ug

Puc. 3.23. O6nactpb 101MyCTUMBIX peIIeHNI



CocTtaBuM Ta6n1/1uy 3HAYCHMI KPUTCPUCB OINITUMAJIbLHOCTH.

KpI/ITepI/II/I OnTrMalbHbIe 3HaueHus KpUTEpUA ONTUMAJIBHOCTH

OIITUMAJIBHOCTHU peuIeHus
fi(u,uz) | fa(upuz) | f3(ug,up)

fy(ug, Up) =60

ug,u 510 350 -160
e uz =50
fu) |

ug,u 480 370 -110
2(Ug, Up U™ =20

f3(ug, uz) u" =30 240 170 90

Uy, U .

3(Ug, U 4 =20

F, —max o cron6ity 510 370 -70

f, —min mo cronGuy 480 170 -160

A =F-f 240 200 90

CrerneHu JOCTHIKCHHSA 11O KAKAOMY M3 KPUTCPUCB ONITUMAJIbBHOCTU:
10 CTOMMOCTH

0 TIPUOBLTH

¢1(Ug,uy) = (6uy +3u, —480)/240;

¢ (uq,up) = (5uy +u, —170)/200;
0 ce0EeCTONMOCTH
(p3(U1, U2) = (—Ul — 2U2 +l60)/90 .

3HaYeHHs CTEIICHU JAOCTWIKCHHUA LEJIN JIA KaXXAO0ro U3 paccMarpuBac-
MBIX KPUTCPUEB B TOYKAX, COOTBCTCTBYHOIIHMX OITUMAJIbHOMY 3HAYCHHIO
OIHOI'O U3 KPUTCPHUCB, IPUBCICHBI B Ta6m/1ue.

Kpurepuit OnTUMalbHbIE CreneHu JOCTHXKEHUS
ONTHMAJIBHOCTH peLeHus
@1(U1,Uz) | 92(ug,Up) | @3(Uy,U2)
1 2 3 4 5
uP' = 60
f1(ug,uz) . 1 0,9 0
us” =50




1 2 3 4 5
uPt =70

f2(Uy,Up) oot 0,88 1 0,56
us? =20

_ upPt =30

fa Uy, uz) opt 0 0 1

3amaya MakKCUMHU3aMd MUHUMAJIbHOW CTEMEHH JOCTHKEHHS ONTUMYyMa
pelanacy u3 UucxoaHou Touku 1 (puc. 3.23), COOTBETCTBYIONICH MUHUMATb-

HOMY 3HAUYEHHIO CTCIICHH JOCTHKECHHS ONTHMYMA 10 KpuTepuio f5(Up,Up) .
B pesymbraTe mONMyd4eHO KOMIIPOMHCCHOE pemieHne (Touka 4 Ha
puc. 3.23):
uf=50; us®"=30.

IIpu sTom:
CTETICHN TOCTIKCHNUS PaBHEI

¢1(ug,Up) = 0,555, ®2(up,up) =055, @3(ug, Uz) =0,555;
3HAYCHUSI KPUTEPHUEB ONTHMAIbHOCTH
fy =6-50+3-30 =360 tsIC. py0.;
fo =5.50+ 30 = 280 ThIC. PYO.;
fz3 =50+ 2-30=110 ThIC. pyO.

KoHTpoabHbIe BONPOCHI

1 B kakux ciiydasx BO3HHKAaeT HEOOXOTUMOCTh B MHOTOKPHTEPHATh-
HOH onTUMH3auu?

2. B 4yeMm CyIIHOCTh METOJa MAaKCHMH3AlMd MHHHMAJIbHOW OTHOCHU-
TETHHOU CTETICHH TOCTHKEHUS?

3. KakoBo cojiepkaHue OTHOCUTEIBHOM CTCIIEHU TOCTHYKCHUS 1IeTH?

4. KakoBo yCJIOBHE TOCTHKEHUSI KOMIPOMHUCCHOTO PelleHus?
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